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Di.ffere.ntiaalmeetkttnde Capita Seleota 1950-51 
Lie-groepen 
i. T~ec1•jJ J 9 r nor~nnlc0Vrdinat0n in~~ 'il''''• ............ ._._. __ , .... _...._ •. __ ,.,.,.,. ___ ,._ •• , ... ,,,,. ________ __........,~,-~ 
t ::: t( :z), 
op die iromn1e. 
zicl1 ps&udo-
d t ><1 
- cl... It} ~ 1,1+ 
- i t"" I l ~ . 
van ~ ~) • 'iorcl t em: r:dern.wc 
punt en cc.n constante fnctor nt. .. ,;e affioE: pararnE.. ter stul t on;: dus 
in ctec·t ve.:n ecgmcntt:n op ecn geod.etische lijn oan "le:;.ogtv.,vcrhou-
dins inVQrirnt vast tc lcggen. 
:Kon 1tan vragen de C.~ zo tc tra.n:':former£;n dat gcodc.tii:.chc lij~-
r rk' rK T)'• K ''D•. 1-(, 
nen geo.::,:;·t ~:ch blij vo.n, &tel da.t Ip}. -j, '1'4 11 + ~;.t A met ~ ~]:. 0 • 
Dan moct-P,,µ~ 1'< oen a:ffinor zijn {volgt uit de t:ra.,nr.formai;icwijzo dr::.r 
J;t bij ooordinatentra.nsformatics) on blijkuna (A.1.3) moot ~;eldcn 
l;:)i l). -4 ,~k 
A.1.9) -p ~; K ~~ cJ.~ =:: ,ct 1 'EI-~. 
j '" t id t;-t" d T voo:r iode:ro kouzo vand~,//d ,. Hotka:n wordc.n bow·ozcn dat dit alleon 
kan als "J;, ~· K de vorm bee ft 
"T) " K A K fl K 
A .. 1.10) . rJJA = fl"- A + f>-i ·;1,, · 
Inda~ soval booft de 
A .. 1.11) 
en hieruit volgt dat X dan en allE;-en dan een a1:·tine paramete;r voor ae 
nieuvrn ovcrbrcnging is wanneer o}. d., \>-.= 0 in elk pt.mt van de krmmne" J /\ ' . , 
dat is dus wannecr PA de krommo tangecrt. Is de affine param0tcr op 
allo good2tiEcho li;]nen invariant bij de transformatio dan is fx==: o 
en omgckeerd,. :Uus: Ee.q_symmotrische o!rorbro_l'_IB,.!£S......~§!_Y§Elt_gclogd_ 
92.or d.§.~_fil)odctische ;t_ijncn. on d8 a:ffine paramot_GFt=J_ op de~s-
§ 2. Qonstruct io deE__EQ~~].coor<l inat q_£...Y._oor eon ES:B~- in_ FJ.,t:j.•. 
Wo nemcn h_icr vordcr aan dat do ,f 11., een R71 is ( ~~>.}'.; oj. Ecn ~11i 
is vlak of ocn E..11 indiE:n er coordinat~nstelsels bcst,an v,aarvoor 
·,f<'"-::. C 
1,/J>,, = 0 in ieder pcmt. Het is gemakkeliJ'k in eon r-Ln eon stclsol 
f- -· -- _. I< K :, 
te con5truore1~ waarvoor lft.A :::r O in een .,£!lkcl punt ~· • Hot stclscl 
beet dan i)1 k goodetiscb_. Een heel ecnvoudige manier word ae.ng0ge-
ven in :0 blz. 5s1). Aan Veblen dankcn we oen algvmene methode waar-
b ij ook ten aanzien van de afgcleidon va~ f_.µ>. nog aan zekoro cison 
worc:t voldaan. 
In tK n:...men we een willckeurige vector i./< J... 0 en lat en dozo 
ca o T 
van n ~ 1 :parameters afhangen op zodanigo wij ze dat aan elko richt ing 
in ~ * een voctor is toegevoegd. Nu denken we ons door E '"' all0 goodo-~ d 
t ische lijmm gotro,tken en kiozcn op 0lk van dezc een affine para-
meter X,, zodat in ! : 
A. 2 • 1) d_ l k -- t /( 
,_ j X :::d) 
d 7.~ o 
Tie vergelijking van een geodetischo lijn is dan 
J ~ ~ 1< r K 1 ~ _µ d '>: .-\ 
A,.2.2) Si...2 f l,uA 9:~ -~ = 0 d ·7..~ / d ·A, cl 7-. I< 
en met bebulp daarvan kan man d.,.rµ.,__'k in j borekomm 
A. 2 • 3) :!_. i ~. K :::: _ ,-; ~ ( E r} {;11 t A '"' 
cl 'jJ; 1-.. /-' ~ "' 0 
allo ctfgc-
A.2 .. 4) 
waarin 
1) D = cursus differentiaalmeotli;undo 49-50. 
Door difforcntiatio van (A.2.8) en 
on bijgavolg (vorg. D .. blz 42, (6.6) !a !ft. 
r: ( l\,41 fl~ 1- K A(>,..t.t A \ A~ 
A,.2.12) /i {IJ) ~ Oj L \,< tp.)\(0)- j i. ~.1 A =:O. 
Haar nu is de k€.uzc van hot ooordinatcnstolsol t~l vrij. Mon ken 
dus, (~j conmsal vc.rkrogcn zijndc ook van (/,f) uitgar::.n ::.n moc.t dE.n na-
tu.ur.lijk in (J ... 2.8) weer tA)tcrugvindcn. Ook (i:...2.5) g(;ldt voor iod~r 
ooordinatonst.:.ls(.l, dus ook voor (A) L.n uit (J ... 2.8) vindt men dc.:rbal'lc 
bchalvo rjf {o)=v ook 
- It 
'• .,(DI-"' Jp;. J, l J - v 
voor allc. ,,aardcn van p en daeru.i t volgt in vc.:rband met de. dc.finit ic-
-rorg~ v~n dczo uitdrukki11gt.1.1 ook 
" 
o,• r: .. -,;., 
'Jpf1 Jp '' J, l) - • A.2 .. 14) voor 
~ , d -Iii ~A 
1...2 .. 1~ G(jp o jµ., .. }, i)t) ::; D VOOI ? :z 0 
N ict alloan vc,rdv1ijn(.n dua in f'= o allo f:J, i mae.r bovend ie,n oo 1~ a.llo 
,..., r,. i~ 
gcsy;m:1otrizc.C;rdo afgclc..idcn van dll •ji near clc.;:, vr~n iodcrc ordc,. 
D1.. e.ldus v;:,rkrcgc.n coordinaten (P,, J hi:, ten naf'r Y1::.blcn (J'roc .Nat .. 
h.oad .. 8 ( 1922) 192-197) g..9--122...~J:1.coor..9-inatc.n in An ton 9.J).Z..i_cJt~.~-·Y3 ~ 
~ N' ~-ri,.J~S-1191:f!ldO bij hi:.:t co~..e_~,E..!!.§lt1..:J.~.s.!W.Zij zijn cu1 vcr.?.lg;;,-, 
mcning VM dt door !domann 1n oen V.,..i go irltroduooc.rdt. normnr~looorci 5-
naton. (Littori::~tu.Ltr Di.a!, I blz 100). 
. 1/ 
Holt<lt incn J ~ vast ~r word?n de { I< gotran&.tormt.crd i.n 
dan krijgt n&tm c,on andi,;r ati;lacl (~'j bchoro.nde bij (K'J. I11 p 
{J.i..2 .• 7) kom.t dan : 
~R':ad ,,N'tK' "~ 1 11"° 1 t1t ·fl'c~ 
:::: IJ 1t' 'X. ::: c\ 1<' n k (o) :(. :::: H 1:. ~ 
,=:if e fl ;•~,~-
waar:n d~ ... ,/~ .,~lli:.?.t~:11to11 z:jn~ Ont;irgac.n. duo do 2 ccn •dll, .. k.cur1.go 
tre.n •. fori,,•:.li 11,.; den rn~dcrgo. .. ,n , ..,c ft cc..n lincoirc homog(;110 tri:me:i:'orma.-
t ic met ,2.,o_n_sjiJ!.?~-~- co,cf fioic.nt(:n die.: mtmsr h.k golijk zijn ~tn d(, 
wa.ardc;n V~"\13 R~ in i . 
~ ~ k 
:Jo n;::rn1l:.,; l1J 1'.li.~rd i aa.tc11 ten opzicht;.; v:1n J bccldcn d;: pnrJ·t1.. n 
dlrj,( An1 1.~ rt(}) ef-:neerdu!~ig a.f op du puntcx1 ven de locale E,n v:·n ~ • I'f OZ,c. c. 71 zi.jn uc ,5 rcchyinigo cocird.1.natcn u.'l hct pur1t vnn 
'f4,_ r.wt <1f normanlc-ocrdinatcn /; h .... cft ale boi:::ld bt.t punt m~t rr.v1lt ... i,.; 
vector ! in de E.n. 
~'.i~ (~.2. 11f\) volgt da.t de me.atve~toren v:-w JK} in j 1< es.i;1enva1-
len me .. de ,r..2.utv".lotoren van(~) • . 1us zi.;in oak de kentallen va:o iedor~. 
,&;'(?.O~.L~~i§ __ :i:-!~ ! K ten opzichte van (I<) en tA) numeri.elr. gelijk. jJaa.ru1t 
volg-c ec·\ i.E.r; 
.I!.i __ _y_e.p .. !tEl.n....J:!tel ~e]J_en ~ it< ~J{_!:.!1SL~z& . .?~.E&..9 .. V_~ 
g_ang .Yf-.nJ f;) ~9:£. (ft 1) tranfo:r;rneren .:Ll~,,..k!entalle11_,~"!i!L..::~.~1LN_o9_·t~e~d 
(affinor affino:rdichtbeid) 9.f1.,!L_ZJjp __ d~~-S!L~len ke1tt,.ri}:)._eE.,.,.Y_~ een 
·gro..9:th.e_is'l_._:i_§ta.r_v.fJl..ft_e ke.g~flJ.leu_~..t..9_•-.Y!fil (k'\ !ll1 (K'l n_umer~tt.al-\j.,lt_ 2Lij?1 
aan 4}._e_ J_.,g __ .J_ •. (h, §!E. tR'} ~.L 
Van de2ie E.igenschap bebben Veblen en • Y .Thomas zeer 1'legsnt 
gebrui!< ge1.1aakt ter construe-tie van de z .g. normaa.laftinoren .. De 
Ir· --(nu nie•t 6essm:metrizeerde) afgeleiden · der fj;: 
A 2 17) N · • fi det , '\ -·RJ 
• • j,, .. j,j' = ( Ojp .. vi, l; t r'~o 
transfor,:i•ren zich blijkbaar bij de overganb tot (~ 1) lin.ea.ir bo·.-,ogeen: 
dus als c.e lcentallan van een af'finor. Dua zijn de aldus gedefiniee::i."{'.; 
grootheden ff inderdaad affinoren .. Men-1-;;te erop dat in bet altemee.ri 
ft.' · · ~ A ....L ( i> · fV: · ·: ")t I • J p · • J11 l T Jp ]J:,.-• .. )1 Jl ,..S '!#. l> - ji( 
Ile ze ~QKff~.§~~1:Y! iJ;!Q.. r_fill_l).9_h~EE.. e •. !9~--9 .Y~ rb r e.!l8t-~ ~ >. t red en o • ~ • 
op in de r~eksontwikkBling . 
r R ~ k f\t . . fi S k,.ik, N , . It 
I : ; - S f 11. , · + ..!_ L L J' ; +- . , , j < - f'" /If J I f ! ~l r;I ' 
waarv~.n de convergent ie door T. Y .Thomas ( Invariants of generalized 
epaces,Cambridge 1934 blz. 126) onderzocht is. Uit de definitie volgt 
4at iedero normaalaffinor synllf~triscb is in de ~9r~t~ p on in de 
laatste 2 covariante ind ices, terwij l/9ver alle covari~.?JlLi'.!-.9.!t!! 
tot ~-~l leidt.., /menging 
_..,..._c...,,, ,...., ...,...~"""' ... _ - ---
Nu bebben r,,7e de normaalaffinoren alleo.n g<:cnnatrueerd in t" . !mar hetzelfdo kan natuurlijk in ol.k pnn; gcda.an wo:rden, Ht:t 
bezv1a.ar is alleem dat mon da.n telkens ke.1:~tallen t .. o. v. 1:.,0,r:1 e.nder 
ooo:rdinat€nstclsel krijgt, ne.,nclijk bet etolsel ve.n norm.ae.lcoordi-
naten t.o.v. det bopaalde punt. We willcn liicvcr de kcntallc..n t.o.:v. 
{k') bobbcn. t~atuu.rlijk k.an men doze berekenen door opvolgondo dif-




~ , V t ) _R ... 11 \ rn \-n c:.· 
A.3.5 kji :::: A '-'[~ ljJi t A- Cklfi IIJl 
covarie.nt dan ontstaat in ti( . 
... i, ~ -~ H' ... A 
A.3.6) v~.(1<1<1ji =/4. dk,J"'"'j]i =I- 1.-1.,r1r-1pi 
omdat vrnor alle termen mot r/ wlgY°allen (ln dus ovoral 
A,3.7'. \_ VvJI&., ~:~ 7- N~ ij!;7; ~] . " 
Gobruik mal~cndo van ti(~ vu\) :::o, f'lt~ 'Y,J)-+:A ..,.. o on N v2 v,j•A] ka.r: 
men vrncr N oplosae:n 
A,3.8) fN:;/ =c !_ V1,,_ R~1~:," -,1/ ~l'.'' _}?~11~i1 
Vordorop gaat bet niot .t".O g~;-,1akkclijk omdat c:i:- dan rcobte 
afgc lt.i idcn van ~ h optred.cn, tlic. in .t ~ niot nul behoove~ to zijn., 
'ic kunnon cch·tor tooh bclRngr1Jk1.1 gogcvone vcrkr1jgon <?to.r. )J 
' ..... ,;,.,!}t,,-
do vorm van do botrokkingcrl tuescn de N's en de opvolgc.odc ef'gc.-
loidcn van 1?. 11.lgcrncun gcldt 
11. .. 3 .. 9) 'iJ ')/p • • v~ "R ~~ ~ ~ ;::i. "' d ~ . d Jt, (~ ;~ )\K + * 
- /ii' 
waarin * sti,.a.t \roor tc.rmtn di;.: allccr. de I/, 11 c.in hun af.gr; lr..: idem tot 
de ordc p bc.vatttn. Schrijft men do1,c V<.lrgcU.jking t.o.v .. t'1J dli.ll 
or1tstaat 
TT r7 ·-p · • · /, I •t ' ' ' f • * 
.A. .. 3 • 10) Y k;.. . . yk 1 , k j , = /\ ! l< 1, •• k, ( k ,l] i 1-
cn hi.::r r:te.at * nu voor t crn.(.f; die gchc.-1 oust e.n ui"t {'''· l'tiobu.i-
vingc:i:1 ,rnn N's mot ccn ve.lontio ~ P ➔·.3 , 
Gaa.n we rm wc,;cr tcrL1g naar { K\ dan kout or ,2~re.1;, 
I -·- ~ 
·v f7 n«•k /\/' •/( ~ I I fyp .. Y)i, .~"!>.__ = ;2._ ''11p .. v,[ VjtJ A ~~.-~-: 
De. voria van Adczc vcrgclij!,ing k,:,n .nog prcciceo:.r 01,,mcbrovor: 
.. ,. 
wordcm .. La.tc.10. we N acbrijvcn voor do normaalaff'inor van de va1cntic 
'V' D \ ~ ., ti 
,ii- on 1 { voor de l'il-~}- do covariantc a.fgc le: ido van f\:v..,,., >- .. .1e.n zicn 
'I s !.I .G 
wij dat R er. R ocnvoudig warden uitgcdrukt in N on f'i r{.,sp. Laar 
6 t .Lt 1-/ 
in R trcc.dt bchalvc fi ook 0011 ovcrschui,ring van M en N op. Ir: 
1 1 4 s 





r, '-I '-I 
N, l'ltl 
.., ; 'i 
rtJ HN, 
8 6 i/ 
N, NN 
55 Li.,;" 
, N N , rt 1'1 f~ 
3 t4 l>s S4'1 
N) NN ) l~N) t/f/N 
enz. 1t v; ,~ 
~)C algcm(;nC :rogcl is dat in R allocn dan ocn tor,:! mc.t rtJ/ 
ka.n optrodc..n inditn 
1 ... 3.13) 1) ;=: ~ + .. + ·1,~ - ;t (u-r) 
en dat er in zulk ocn term prccics U-1 ovorscbuivingcn vcor-
komon on ,,ol zo dat olkc N met elko andorc N over ton hoogstc Ek. 
index ovcri:;c}mve:n is, on dat clkc N in ccn product ve.n mocr H1s 
in tcnmins-tc een ovoreohuiving bctrokkon is. p-i-,t 
Pt-'i 
Uit {11.,.3,.11) !tan N wordon opg:.:loet ala fLuwtio van "R on 
lagoro N1s • Um. dit to bvr•ijzo.n rrttJrk1:u v1.:.: ov dat in 
A.3 .14) 
drie soorten tormen voorkomcn, zulko mot ,J-t A aan bet eind 
N. . K 
Vp , . v1 ~,;.t r-
z ulko met een Yin de laatste twoo indices 
N , .• K A.3, 16) )I/ )·l i 
. p··· ,..0-!v" 
en t orrnon met twee 'y 's aan het eind 
a i· .1< 
H A• 3 • 1 7) f'1 v1::1 .. V2jt r\ v, V t . p•ij 
~ rlogcns ·c1c symmetric van N in de cersto /:i en in do la2,tste 
~ 2 indices doot de plaats dor indices er vcrdcr nicts to(J. Een term 
• ... van do twoodee~oort kan met bebulp van (1.1._.3 .11) wordEm orngczot i.L 
l!IJ'!' een som van: K ,oen term van do oerste soort,en terms,n die allccr: 




































twcedo soort on t0rmon mot lagGro l"t 1s • Zot men da.n wce:r dio term 
van do twoodo soort om,dan v0rschijncn tcnslotto in (.I •• 3.14) do 
term (1.1..3.15) mot con zokcre coefficient, con som v-an isomcren van 
p~~ f 
r\ mot zckorc coofficient2n on tcrmcn- met lag8rc Ns l·wordcn 
d io -lagore . N $ not· zo omgozct dnn zien vrn dat · tonslotte de. N~ kun .... 
nen v7ordon ui tg.edrukt volgens eerl tnbel d io er net eender uitziet 
als (3.12) 
l/ 
* N j- s N R 
(:, t -,J l..f 
1 ... 3.18) t-t ~ )~R 
t 'f ~, s 
~ R, RR 
enz,. 
·1/4" v~ 
'dus in het algemeen in termen met R. ~1-=x. en U-f overscbuivine;crJ 
waarvoor (i:...3.13) geldt. De omk.ering van (.l.1..3.11) heeft dus de 
vorm ------~---------~-------r 
!\_( • • f< e ( - I) . , . K \ ~ \ 
/ l l/ p , . ~ Vj-11\ :::;- (f._ flvµ · · Vi,; {\. ~.,u )\ ) 7" ... /\ 
waarin cf:_ ( •.. ) staat voor een :pol;¥noom, lineair homogeen in de 
isomeren van Vvp .• I\ Rv_,.1-4 "'K en waarin ¾- staat voor een aantal ter-
men die elk door (u-1)-voudige overschuiving en bet toevoegen van 
t\), Iii, 
een conste,nte coeffici0nt uit R,.7? ontstaan, waarbij 1-~r·.J q;; ... alls 
waarden V-)1../ doorlopen die aan (L .• 3,13) met ,1,.1-= /J-1-t/ voldoen,. 
§ 4. De s;vnrrne~riscbe fin. 7 1< 
De kentallen van de /'I in > ten opzicbt0 van{flt) zijn tenslott 0• 
rt 
• -.,.1,....... -fi k ·'1 
niets anders dan de afgeleiden van de ~ l (zelf nul inj) naar aeJ,11 .. 
Daaruit volgt dat men ui t (1.1..3 .19) zeer waardevolle informs.ties kgn 
halen over de funct ie 117 ( t,1<) in 'JY[t/) • Ind ien bij voorboeld ee11s 
("°' ,'\ • • I /( r;:, \:' I< 
alle covariante afgeleiden van k 11,,1t 11 mot onevon valent ie in ,..?: nul 
. ' :\ 
zijn, p~lgt uit (A.3 ~ 19) en (1:...3 .14) dat alle N .c:. met eon on.even 
valent~ zijn. Die met een eve.q4 valentie kun.pen nog termen~ bovat-
. l ···. . 
ten die It of twee of meer factoren 11 bevatten. Maar dan volgt uit 
f-h ·:t; · ~ k) (A~2.18) dat de functie . /i in u (s van teken verandert indien men 
~' vervangt door _~-A • ·Dit b~tekent echter dat de 1:1r1 invariant is 
r- r ~ '-f,_ . 
voor de transf ormat ie ~ 7-j - _t of zoals men zegt syrmnotriscll is i R ,-, r . . I( t.o,v. hGt punt _::: o • Inderdaad, een veld met de voldvmarde 11 1 in tA ,..fi f. ? heeft na spiegeling aan bet punt f,J = v -R do veldv:aardo - 7.J ' in 
_ !, R • .: ... 2.ngezien een lijnolement d t. in_)., zi'cl1 spicgolt in eon 
1 . . 1 ' / ~ Fi • 'c· ;., 1 t r- (' .f-i • t A . !, • lt . J.Jne emGn·G -c: ~ in _ f vo g dat o ·V in c. zicn spiegc in een 
r~ ,:::, · fi r-' 
vector met ·cegengesteld teken in - fa . 
Omgek.eerd, is de R72 itjdezo zin sy1m11etrisch 
I . 
blijkcns (L..2.18) de N:s met oncven valontio nul 
}- V-
t .o. v. €, dan moeter-1 
r., <; I< 
zijn in ~ en uit 
(it.3.12) volgt dan dat oak alle covariante afgoleiden 
oneven valontie aldaar nul zijn. 
c,i ... I.( 
van R v;a, · met 
~ L{ I~ l<f 
Is eon~ symmetrisch t.o.v. alle pu.nten in e8n 'Jf{jf dan 
volgt hioruit dat dit dan en alleen dan rnogelijk is indien de afge-
leiden van H met oneven valent ie in alle punt en nul zijn. Maar 
dit is alloen rnogelijk indien alle afgcleidon van .. R overal nul vmr-
den. Een dorgelijke H11 l1oet $yrnmctrisch. Dus: 
Ee.q A11 is dan ~-n all.,9on da11_1:ymmo~risch i!,!9.ien 7~ V/4;; K 
§ 5. De reductiestellingen ip A~. 
rfi Bet procos dat gelcid heeft van. de IJ t' tot de norma1:1,laffinoren 
werd.door Veblen en T.,Y.Thomas (The Geometry of paths, Trans. Lrn.. 
Math.Soc, 25 (1923) 551 - 608) ook toegepaat op een willekeurige 
grootheid. Stel dijt we van de een of andere grootheid (affinor of 
aff.inordicbtheid) de kentallen hebbon gevondon t.o.v. (fi) • Laat do-
ze gesymbolizcord warden door cp , vraarbij we allo indices ondordrnk-
ken. Dan zullen de afgel~iden 
A. 5 .. 1 ) t>j t ; d· d j. cp ; enz. 
in het 1"\unt J,. zich}tij de ovcrgang van rfi) tot (Ji') transformoren als 
-------~___,;;:~ J 
de kG.ntallon" van groothedon. We hebbon bovcn al gezicn dat zij dB.n 
indcrdaad lrnntallon van grootbeden zijn. Wij npomen doze groothedon 
de eerste, tweedo cnz. norms.lo afgelcido van q) (bij V. on Th. ~ 
1 ~ 1< • 11 l . tension). Do normalc afgoloiden vo~~n veldcn daar men~ wi oceuri~ fa 
kan vorplaatson. Men lettc or op dat de (pti)-de normale afgcle;ide 
niet geli,J'k is aan de norma:J_c afgoloide van do p-do afgolcido. Do 
-- ~ ·~ 
normalo afgeleidcn wordon gonotcord mot ~- ~ ~;)!•, cnz. Do eorsto 
nnrmalo afgeloi.d€:J is gel.ijk aap de govmno covariante afgoloide, b.v .. 
. A,5.3) 
on omde-.t de uitkomst do ir.ivarianta vorm hccft goldt zij ovcrr-.1. 
Op doze wijzo kunnoo allc. covs.ris.nto e.fgcltidLn wcrdc.n nitGc.:--
drukt in rJorruP.lo afgc.lc. idcn ve.n dczclfdc (..ll l.:1.gcrc. ordc ;:,r.i nor;.'.t.c 1-
affinorc.n met ocn valc.otic. dio tcr1 hoogstc golijk is e.~,.n 2 + de. 
ordo ven difforontie.tio. Omgekoerd kunw .. n cvcnzE..c.r ,:;e; non,:,:· le t.fge-
leiden ,1ordc.;n uit3edrukt in covari2.nt0 e.fgelE.iden van dozclfdc cn 
lP.gcrc. ordo en normaEJ.la.ffinorcn met ccrn vP..lcntiL .oiot hogcr dan 
2 ♦ de orG~ van diffcr~ntiatio. 
Nctuurlijk kunm .. n in b8ido gov-allcn do N'.s weer vror·: un uitgc-
R . ··w druk·~ ill ~ct\ en zijn covnrinnto afgC;.lcidcn. Mon ka.n bicrvr..n bole 
tabcllcn on•iiv,crpc.n on bij Vcblc.n en Thomae vi.ndt men onkolc ve.n do 
tnbollcn. Zondcr diC; tabellon to konncn kan m(.,n nu oohtcr si.11<:ion 
uit hc..t f:::;it dat dczo omzcttingc.n mogclijk zijn bc.lengrijlc., conclu-
s ius tro!t!tc.n tc.n eanzicn van de. d iffcr".ntiael com1 ta..rrtun v-.-::.n C.(..ll 
ovcrbr"'n3i.r1c1 ~ \ • 
..._ rK -I< 
, Ir. er C'-D ovcrbrti.nging '! >. me. t I)" ~J ::: o gogevt,;n (.;rl bcct:::.c.t 
or een u.f!Pj.!?ill, (affinor of af'finordiohtheid) waarvan de ke;··;;ellen 
zich la.ten uitdrukken in de t;"'>, en bun afgeleiden tot de orcJ.c p dr.n 
heet die 3rootheid een diffe~njij..Jle.~co!ll~ante VJ\.E •• _de orde_ p v,· n de 
overurenging. P ~J~ ~ w is b. v. een different iaalcomi tante v2n c:.e orde 
1. We beschouwen meestal alleen die comitanten wier kentallen zich 
~lgeb..r.e.i!JS)..:'1. in de r;;~ en hu.n afge le iden lr:1.te;:1 uitdrukken. Ia een 
differerri:;iaelcomitante een aoala.r of soalaire dichtbeir'l de.n :::preekt 
men d ikwij le van abeol_t;tj;e dJ.Jl!Jl'ltn.:t~ljp_v,!l,.:J~-P:t. reep. r~l§.tJ..e.v.!t 
d ifJ,~11-n;_i..a!JJ.EJar ian.l,. ,c 
·,e gebruiken nu het cotlrdina.tenstelsel~~J voor enig punt t:, 
,;; 
en dru\~cen ~e kcntallen van een differ(:ntiu oomitant\ t.o.v. (I:) 
uit in do~: en hWl afgeleiden. !!LJ.l.!LLR..unt JI( ia rJ i = o en kan 
uwn de o:)volgende afgeh:iden vorva.ngc:n door grooti)odtn N • Ann:.::,ez1&.n 
dit voor ioder punt kan worden geda.an hceft men nu ook d.:. k:.n·tellc.r. 
van G.8 001nitantc t .o. v. {k) ui tgedrukt in de {t< }-kontall•.n VF~n dr.: 
N's. • .Jt.te ku.nnen oohter W3or v.ordon ui tgedrukt in do C Kl-kt,nte.llon 
van R on zij.o oovarianto afgoleidon. Dearuit volgt do 9_c_r_etc .. .r.9.4,g,Q:: 
-V,o ,.s,t .oJ_l).AS. 
~):.19.. !UV.2.rent~Jr.0.0.!1.!.l.~!..t.(.;p_ VM do .,2.rdo e V'O.:, .'?.~D.. §;•E)1\9~~r.i_s.01 .. 
. JH~.~':~ ~ ~. ~Pti~.~!W._Y.teJt;~.~:p~ ... !!L!.!J!l_os_vyJ. • .:,_at.9 !-:..':...-:..~ 
X 
!!!l.e14.~A~!>~ ..... op me:t. de ... ord!:) P'"' • 
Is: or in een R,t eon stcl groothodc.n {, •... ,cp,..1(indicos ondar-
dru.kt) gogcvon, en is or cen t~rpothE:id waarvan de kc.ntallen zicb 
laton uitdrukk~n i.n 
1-k le. do •~"' en hun af'gc.lc.idon tot zokore ordo 
2e. de k<.:tntallcn der (p 1~ on hun afgeloiden tot zckc.rc oroo 
d~ hoot die groothoid eon ~iffor~nti.filt.l:._c~anto van £P.Y-cf]:>J;'S~..h;:. 
fj~,.. E!L..9.2.. vcldon ch, , > <tr,• Moestal boschouwcn wo woor comita.nton 
wior kcntallC;n zicb algobraisch in do am1gegovon ar,;umcntcn latcn 
ui tdrukkc.n. We nemon co rat we.er hat coord ina.tenstolsol ( ~J t .o. v. 
~1< en drul-dccn de {R) -kcntalll.n van de comitentc uit in do rj1, bun 
afg'...,lcid\,;n, de (~J-kcntallc.n dvr cp's en bun a.fgcloidcn. In hut punt 
~k vervanJc.n we nu wec.r do afgclcidcn dor r/ door opvolt,;cndc 
H~ on de afgc.loidon der cp's door normsl<.; a.fgeloidon der ¢i'.s • JJaarop 
gaan \IC •:,:.er over tot hot algemt;ne stclsol (Id c.n hebbon dan de (t<\-
kentallcn van de comita.nte uitgodrukt in ft<) -kcnta.llen van do N'~ 
de 4 's c..n do norme.le afge:loidcn van de 4> 1'!> • De N'~ kunmm weer wor-
de.tl 01i4..sozot in R c::n zijn afgE:1€.: idcn on do normalc.. afgc.10 idt.n van de 
~
1s kurmen wordcn uitgodrukt in de covariantc afgele:;idon van de 
~
1S on 'R mot zijn afgcleidcn. Daarmedei ie de twCa>0dc ]'Od_u.9.t_i_tfjj;el+.!::9£ 
bowczcn: 
~ ... lli..JllJf erent 1§:a,lopmi~p.pt~n ve..c o.!Ln. .. Bl'.!m!,ctriso~_gy_C:FPJ'~~ Pr. i .Qfi. 
en oen_ap.J:1t~l veld en cp1,..., <p M ~ indioos oDderd;rukt )_ ,!.iJA Jl'+..!9B.O_ £91 : :,, 
~s,n V!D._S!L vo lden 'R, q,,,. ~r, en, bun co var ia.nto a.f&el.£.+.dS-_n..,_ 
Ia fij',,11J ~o da.n bohocvon we e.llecn ~~A= r;/» to bosehouwon 
ala een van de gegeven veld€:n. :uaarmcde hubben we dan d,e gs_r_d.2_..££..:: 
dugtJ_o.!!_tollJns. . 
-!-J.....1.9_ different 1anlcoJE1i.ap}cn V_!l.E.....£_up al~em_.£llO_o..!9.!]!,F.CPf;ipg on 
oer.i ~11.eJ.. J.eJ.ill_ g>,, .. 1 cpMfudicea onderdr_aj<t) ziJ.n ,t-;ow9,Ae_ 9.S'Jilita.n-
t~R V!3-J'l..Ao •. _voldon i~;, /' _ld_s lg'pmtue:F2.9.:t..hc..JA voor de. ezr.l.i.~tJ:.ts~oJl!t 
2vo:r:~FOP&+Pa ~ .,,... =. if;,-, ) , ~-:"~LP,, . ¢' ,-, on bun cov8£_i!1E.,_t_G_ !IFS~ ;i.-
den m£l_b,£t,E:'!Utli.1P.t:L tot de oy~£!?!c.,.ngiP.B 'i,,.>- • 
Hic.ruit loicit mr.:n weer guuakkolijk o.:ta 
.A.llo AfJJ£!S,_n_tl!!Llcomi tant_f'_n_ 1:.ap cc.n algcmono ov~rbr<..pgin,-~ _Q_,!1_,.9..£:l 
88.ll ~al .Y.S.l.d.f.n 4>, J . 41'1 ,U,pd ices ?.Pfl.9T?fUkt) r.ij.q, gt;WOF-9J.2.:r~tt~ji9,!l., . 
!;!!L..4s,_vs..l~ca R~~~ .,\ ~; "';<p• , ... , ¢>M9.E hun coya.ri_!mt,e .. eg'ito_l_oido.n:r 
XI 
~.!.J!~t!!~~~_gi:E-!:2:!:~!~2-~£~!1~!:~-1E~~~:r~~~~!:~~£~J;?~!!:.. 
§ 1 N • Groepen.. Onder een groe:p wordt een verzameling van ele:menten 
· HJ\ C,... verstaan waarvoor een 1\rerr.i1enigvuldiging1 is gedefinieerd zo-
~:nig dat 
1.., het :product van twee elementen steeds weer tot de verzameling be-
hoort; 
2. er een element ,,de ~q_nh~id, bestaat zodat 
) J .F,, 7 ,, 1 N. 1 ,. J :=:. h -• = R 
voor iedere A; _, 
3. er tot elk element H een invcrs element r:, bootaat; 
- , -, 
1 N. 2) AH _ ii A=-~',1 
4. de associatieve wet geldt 
1 N. 3) (AB)C:::: 1-J(e-c} 
Zijn de elementen transformaties dan is J de identieke transformatie 
en (4) is vanzelf vervuld. 
Enige definities: 
a) Abelsche groep: RB =BR ; 
b) ~ergr~ ?/( van groep tJ is een groep U/ waarvan alle ele-
ment en element en van l}j zijn, en waar dezelf de Hproduct ;, ae ... -
(· finitie geldt; 
c) Homoloog hoten twee elemcmten n en A' ina_ien er een element 
-1 
B bestaat zodat tJ '= ERB ; 
_, 
d) ~~ee .9..J)de:r:_~9..2l}_~E. heten ho:1:10100_,3 wanne~r zij door :~ ... A __ , en 
13 ... B in elkaar overgevoerd wordon. Syrn.bool 1.l-4 /!I =_f 7.,YB; 
e) Een onc1ergroep ll is i~variE?-t intfj indien Z)f == Hi){ fl voor 
icdere H ; ( een andere naam is norrrm.cclcleler) 
f) ~ en f/ he ten i§__gmo~rEP- wan-
d t . t ;1 D ,. f' I -i::. ' I b t -I neer er een correspon _en ie ussen ,.rJ,L, .. en 1,.0,c, .... es· aa1 
zodat als fl' bij R en B I bij B behoort, steeds 1-?'8 1 bij 
RB behoort. De isomor:phie hoet holoedi"j.sch als de corres-
pondentie een-6endui.dig is en anders ~?_edrisch.~ 
(Dikwijls worden in deze betekenissen ook de ter1ne10~~ 
resp. ~o.Plor;p:tge gebruikt.) 
Enige eigenschappen: 
1) Ondergroe:p van onderg--roc:p van tJj is o~dergroep van J ; 
2) Doorsnede van twee ondergroepen van ff is ondergroep va~ o/- ; 
3) Doorsnede van twee inf} invariante ondergroopon is in ff inva-
riante ondergroep; 
4) Invariante ondergroep van invariante ontlergroep van fJ- is in hot 







Permute.ties van 2 dingen (2 elem.enten) 
Permutaties van 3 dinc;en (6 elementen}, 
holoadrisch isomorph met de groep dor 6 transformaties van 1 
dig 11-.. · variabele 
1.., • I.. i 
I', ::,_ )'. l JI, ~ it-; 'x -· L 
-;,, 
, ... - J_ 
,. -·· X· 1 
r 3. Draaiin;;en om e en l'\l1l t in een vlaJ,. ,.., ' el errnnt en afhankelij k 
van 1 par9Jlleter; 
. '14-ein-
dig j5• 
Bewegingen in een vlak, 3 :)arameters; 
Draa.iingen om een :)unt :i.n de ruimte. 3 para.1~.ctera; 
Bevrngingen in de ruimt e , 6 -p.aramc t (}rs; con-J6. 









, in ruimte 15 parameters 
In deze eindige continue gro0pen laat zich iedcre transfor ... 1;.:~·tie 
vari.ui t de identieke tra.nsfo:r-natie bcrei:.:en door continue vernnde-
ring der parruneters. In de ~~J:!B.de_..£9,P.ti_r~~ grocpen ka.n dit nic-t, 
voorbcald: 
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i 1. ,YR 1! 9$;lllt'imott• feOU.P!• 
An 1. - pu-am.et:rical finite continuous group in the sense of Lie 
is a set' of elements between which a 11mu.1 tiplicat1on" is defined and that 
satifies tho following conditions. ~ 
,. a) The elements a.re in one-to-one correspondence with tho points 
()f mi ~ { 7111.} in e.n 'X •1. with the ooo:rdinates y:v._: ,y_:: 1, ... "t. ; 
b} If tho element i:l belonc~, to 1(~ and 1·" to r_.1,. tho product 
~ . ~ r l;i'::,t T~l ~ belongs to the set and the B a.re continuous {or analytic) 
functions of the 1(· and >o,, . 
c) There is an element J called "unity" corresponding to 11 11 
''1 fr 
such that j T '7 : T1 1J = Ti for every choice of T.1 • 
-·· -~) To_ 1every,. T;1 there belongs an clement i:l··' such that 
I tt; 11 =-~ 1 "I -.: J • Its coordinates are continuous ( or analytic) funct-
ions of the 11~ • 
e) 
The elements are often transformations in~ variables but this 
is not necessary. From the definition we sec that only elements of the 
group are considered in a neighbourhood of unity. Thia neighbourhood is 
often called the ~__gm::m (Gruppenkcim). 
We identify Qach clement with its corresponding 1>oint in Y.,. 
This ~,., is called &,oup s..m:ce. 
T~ overy pair of elements S ,T t!1ere belong two elements ;- S _, 
S., T C. T r.: T and • Two pairs ~:\ and -~,, . , are called 
( +) - equipollunt if T S - 1 =- l ::).~ 1 
( } 1 f S ., 1 . c~' T 
- - equipol ent i _ - . .;,, , 
from this we gut thG following deductions: 
1 .. If .S,, T, ; S, :T,. a.re (,±.)-equipollcnt three of these tranaformations 
determine the fourth uniquelyJ 
2 .. If' S,,r. ;':::-1 .,; and 5 1 ,~; Ss.-r; are (;t)-cquipollont, the ea.me holds for 
S .• t; S3 ,1j ; 
3. If 5. T; 5,, T. and 'T. l I i T,. U, are ( + )-equipol lcnt the sai:ae hol {ts for 
-s;u; ~., u, r 




5. rt (T;) can always be mapped on an r1cr;) such that l is the image 
of T; and that all pointpairs of /ft(T;) are ma11ped (z)-equipollent 
on the pointpairs o,f Y/iT;) ; (on 'l(fT;_) 'Jt/T;J ]'!ff~) 
6, If 1f (T;) is mapped in the same wayf--we get the same result as by 
mapping 1J{T.) on 71(1;) in the same way. 
If a pointpair T0., , l117., +~('J is given there exists for every choice 
of ½7 · in an 71//11 10~) a (,±.)-equipollent point:pair ~ J T,r,a.11 ., Henco, 
using for instance the (+)-eq_uipollence we get for every choicG of a 
vector ·1/~dt in '>J<> ~ we get a vectorfield 11 ~i.(- in 1"t ("?,_, '!() • That means 
that the ( + )-equipollence fixes a displacement ( III § 2) -for contra-
variant vectors in ·?1(%~) . According to the conditions 1, 2, 3, 5 
and 6 this displacement or connecti.on is linear in the sense defined 
+-
in III§ 2 and its parameters f{it can be easily computed by using 
linea:qyindependent (+)-equipollent vectorfields. In the same way the 
(-)-equipollence gives rise to another linear connectLon with parameters 
Fr; • The curvature affinors of both connecti.ons vanish because in both 
I 




-· , r ()\,-- f. 
1'- ~)/ lelfa + "- 10 Jtl 1t1 /3 = 0 
The connectLom are in general not symmetric. 
1' i• 
1. 2 ) 5 ,; tx J, p fr i;~] 1-· fJ 
constant vectorfieia2 
If a curve contains a pointpair R, S and the first point T of a 
( + )-equipollent point pair T, ll. , it may happen that it contains also 
the point U • If this is the case for every choice of R, S and T the, 
curve is said to be a (+)-geodesic. In the same way (-)-geodesics can b:c, 
defined. If a (+)-geodesic contains 7- and 1/ T it contains also tf 1 T 1 
,1(~,r- etc. Taking 'l/ infinitesimally different from d we see that a 
~~ (+)-geodesic is identical with a geodesic of the connexion f 61 anc 
that for every choice of 'V the points T .. if T; ,zt T, F1:f etc. ha.;~ the same 
distance if measured by means of an affine parameter on the geodesic 
(<=f. III § 6)~ Now if we take 1-VT = ·yU/ it follows that '1.f 2 T = T'l/l:i.. etc. 
But this implies that a (+)-geodesic is also a (-)-geodesic and that the 
affine parameters for the (+)-connexion and for the (-)-connexion are 
the same. Using-this parameter the equation of tho geodic must have the 
form 
cf1·rl:·O(. + :t I jt d /; 1 3 ) J-;✓1Y.. ~.l.- .:-3_7 __ : :::: o 
• d t- a 'f, ci -/· d t 
and from this it follows that 
1.4) I J'; M Fi1:i = 
are the parameters of a symmetric connection that can be obtained by s;yrn.--
3 
m.etr:i.zing the (+),..connootion of the (-)-connexion .. This third connePtion 
is in general not integrable and its curvaiion affinor 
1 • 5 ) -R ;iip () ,,ir 
plays an important role. 
If in 1l0l we fix local measuring vectors~~; ll,.,; o.,&==. ,., ... "t, 
() {, ,. . 
these vectors can be disylaced ( + )-par~llel to all points of Xtt. • Then we 
get in X,1 a new coordinat0systeni ( o.), that is in general non holonom.ic a;2e. 
for which 
1. 6) A~ -K· ... ~:i< · 1·1~ ~- e''. (,==1 ,J 13- ft· 
r., 
The efa are (+)-constant(= covariant constnnt for the (+)-connection), 
hence 
;-
" -· •Jc ,, 
-- r\r e. ,3 "'7 1 J~li e ,')( 
' ' ! 
and 
-·--·-·------·--· .......... -- .,._,. ___ . ·----·• 
1 .. 8) 
(,t 
de r e.,13} 
--------.. ··- ______ ,. __________ ... • 
"' A . In the same way a (- )-parall cl system f ; t ;'i j fl. P.i .: ~ ~ ... "\- can be 




--·•- .. -----·------------ .. ··-] 
,1 'c A ~ ! 
=:. -· .11, CB { f-
-------
'c /.J r.1;,f c. · · R 
Cl>., :::::. _?,, .;;,C../3 . 
Now we will prove that the C/i, and 
The equation 
~; A 
-c; I?- are constants 
-----
1 • 11 ) 1T -= I.! T 
represents a transformation of the elemants of the group by which a 
one-to-one correspondence ~etween the elements and their transforms is 
fixed. If for 'IA ~11 0.l.i:::.u101"'..i,"" 0.!>"o +-e1ron we get a group of clement tranrcJ-
form.at:1.oi:1s, the fir:_st·,..Earameter,;-gro'l!E, and the traI1.::SL'tn.-:r.1.c.~:i.,,.,n 8 nf this 
e70up are in one-to--one correspondence with the eler.a.ents of the origin:J . .:i_ 
group. For the transformations of the group tho following proposi tion[J 
can be proved easily: 
~ ~ I f 
a. If S, T is transformed into ::>, 1 , the pairs s,-r, $_.T are 
(...; )-eg_uipollent and the pairs S, 's; T; 1T are ( + )-eq_uipollent. 
b. If S, ,T,; S2 , l~ are (:t)-eg_uipollent their transforms are also (:t)-. 
equipollont. 
4 
The inversions of these propositions are also tru.0., 
In the same way starting from tb.o tra:nsfor1,1ation '·r :::.TH the second 
.:e_arameter 6!:0'\:ill can be obtained. l'or this group the sa:,:1.c holds as for 
the firs~ group if(±) is changed into(+). 
U t Sl1~L----r---· ?\'TU 
\ . ~ \ 
\ \ \· 
\- '1 --\ \ 1 ___ _\T 
s\.---
us\-- ~~:----·-
\·------J ...... -1- -\_J _____ ~T 
s 
For every choice of! and di thG field ~~dt is (+)-constant, 
,, 
l1once the pointpairs ·tt\ ·17(Y.-r e''\.Jt are 
t t < 
all ( + )-equipollcmt. In the same 
~ 1, ( ) WR,y the pointpairs 1(> ·Jt'!-I!> cit are all - -r.::quipolLmt. Hence the 
t::r~ansform::.:..tion 'r/ .,_n ·7?;)1,t fxat is a transformation of the fir~rt gare.meter 
group ( inversion of (a)) thr....t leaves invariant thG fields c :~ ( proposi-
tion (b)) (and of course ~, ) and in tho same way ·t'-·" "(~F-~r-::''"crt belongs 
I' .. b 
to the . second parameter group and loaves invariant 4"' and i:.~I': .. ;:;, {, ,· 
That means that tho Lie derivatives of ~:¥. and ~'.:, YiTith res:pG;ct to €:x 
0( Gj • T:': C( • t. 
and those of er,'' and e.;; with respect to e vanish: 
, B 




1. 14) - -
r-:: .. <:>< 
::, .f ,1 
'··; 
From (1.4) and (1.13) it follows that 
1 • 1 5 ) + -- ')( ,----~ 
} 1t1 + / j ' 
f! I J ~1 I• 
I 
hence, for every g_uanti ty 4--: ( indices su:rrpressed) 
1. 16) 4•· 1· - T i7 ,-j, \"7. ,-f-.. Vy \..{-' ·t / .r '-!--' 
,, ..J... '} .J,,, 
-jf. I? 
we write from now on also C~"i.)" =~::. Cd, 
:Sy mixing over /!:: )( we get one e more ( 1 • 4) 
_!x_GEcise.. If .D symbolizes tho Lie dori va ti ve with respect to e:' -~ 
L t 
prove that: 
I} -=- eQI ~ 
L (, 
C( • 
If tho :fields e 1.,. are invariant for the transformations e<)(rtt ~ (,l 7!;, 
the same must hold :for tho rotations 'Z'it ,,r ii:12,J ~ •· Hence applying thi::) 
general :fo:r-:mula for the Lie derivative\D.p.47 (7.16 - 21) ~ we get 
5 
1 . 17) J', ,.,)c ,t ( e u" cc b c: r· e,1 13 (I t r 
:=.o 




) ;\ Cr 1 ,. 18 t J Cc /, .:=. t), 
, A 
In the same way it can be proved that the cu?, are constants. If for 
convenience we take tho local coordinate systO/ilS ( o) and (A) in ,:1·/:;, 
C 




-I' n;. CR i'" .,ti [\ChA C< 
1., A I- " S- . A . S . . l"I , ,-, J <: C C (;c I?, :::: - "- r.. p, = -t- "- ·- C. !3 - " . C. B r~ _::, c I., :::: - (, C 13 t, <.- t>. · 
in all points because of the constancy of 
-r-
these parameters. The qu2ntity 
s;; °' has the remarkable pr9perty that its components with resp,3 ct to 
of X,_, and that the sam-:::: holds (fl; have the same values in all points 
£or its components with respect to 
and r=;,~ vanish it follows that 
(,l\). f± ,.y Because all components .,1:i 
-t ➔- -+ V c.~•(j( - i7 ,;.,•-~-- V C .-'.)( 
-·· /{fo - l --~ ,tp, = J ...:> 1/~ == o 1.21) 
Apart from any considerations about groups we ask now whether it is 
possi blc to have in em X1. a non-holonomj_c syst~:m (ft) with measuring 
vectors ec,,. · f 
(, 1 (', satisfying equations of the form 
. °)\ ~ , Ct ''. .! 
.l (...[ V t::'n·1· == - c, /-, f.: r· ,::a. 
,1 ,::. - ·• C fJ 
1..22) 
::;;_ I.) . 
with h. '1:('l-1) givon (not necessarily constant) coefficients ~: • 
Necessary n.nd sufficient conditions are that-tho intogrability conditions 





If these conditions are satisfie8';2-f'f the (_ Cl cl 
point Al« , to every set of vectors '{(, e;n_; there exist 
are regular in a 
fields in an 
1Jlt J-.x) satisfying ( 1. 22). - · 
Secondly we ask, whether thore exists an infinitesimal transforma-
tion 1J ~-{- leaying tllc fields I:.~ invariant .. Nec~ssary and su:ffi~ient 






The integrability conditions of these equations 
1.27) 
and these condi:tions must be identically satisfied if l't independent 
solutiona exist. Hence we h2.ve as necessary and sufficient conditions 
from (1.24) 
1 .. 28) 
and from (1.27) 
1. 29) \ , r, \ Cl 3 . e 4. U J! Crlc - C~ Cd t -:::. - L [ ,r c C. {] E: 
{? f}~ ( c, 
[ r(t:_ hJ€. 
But we see immediately that these concli tions are equivalent to 
1.30) a)\ c_ ~ t. = constant \ 
·------------' 
If these conditions are satisfied, to every set of vs,lues 1J(J1. in a given 
point of Xll · there exists a solution valid in an ·'ft. I 1/ '1 ) • If 1-L inde-
pendent solutions are chosen as the contravariant measuring vectors 
i°' ; 'B -::: 1, .. ~ of some in general non-holonomic coordinate syste111 

















the fields f' are invariant as well. Hence the Lie derivative 
with respect to e()( vanishes: 
1!, 
1.36) erJ"~J'ev< __ e-r)/f'e,"11. :-P 
t: · 'b B f 
,.q 
and this has as a conseg_uence that the :fields 2 0( and e,,, $ f 
riant for the transformations f.;_''''rlt .. :But vre know already 
are inva-
that 't in-
't indepen-dependent fields i11. 1 satisfyi~g ( 1. 35) and invariant for 
'J I A . 
dent infinitesimal transformations can only exist if the <c 1~ are 
constants satisfying the equation 
1.37) 'c E. ,. 11 
[D~ C.~} E =c 
Now if we choose the measuring veetors li21( in such a way 
x r 
that they coincide with the the ~' in any _§,rbi trarily: chor:rnn point of· 
X h . th t . t 11 A - r-A d d. 1 '£ we ave 1.n a poin r, £, - r.- 4 _ an accor ing y 
1~38) 'c ,1 ill._ r I. A ri 
,, r c,.Ji· Cg ::::. - C B c, <> 
But then the Sl;lme equation holds in all points of X,,l becaus'": 
the 'cl~~ are constant. Accordingly also ( 1. 37) holdr:1, as a consequence 
of (1.30 b) and (1.38). Note that there is a difference between the 
Xn considered here and a group space because in this latter space one 
point corresponding to the identical transformatio:n is fixed,. 
After this intermezzo on sets of vec-'corfislds in X,,_ re·curn-
ing to grour1space and the first and second pRrs.neter group, we I11ay a.sk 
f., X 
whether A E.. rlt re·,"'lresents an infinitesimal transf.orm~tion of the fir· { .I:' -
parametric group. Necessary and sufficient is the.invariance of thG 
fields E,.... r., • 
1.39) ':i.t . f-, -, :)( O< ' / t .,,) /t c <· · €:: _ C t1i_. _J t· j, ~,' .:=; 0. { f'-, 'P., f:. I' ,(, 
{, 
But this equation can only be valid if the X are constants, 
In group theory it is usual to introduce the operator Hf )rx. 
as a symbol, for instance t}(! for the infinitesimal tr~msformation 
ft ~ rt.. +- l ~ r1t • For the operator o, Fl C -- N, {le always (l~c ut) 
(without a co:mma.) is written. Because of 
1.40) { tJ fl R 1 ' /-') tJ 
- 9. (3 {t! 'ft I 1 /.) 
1 .. 41) I ('RC {..J .J ) O Ft l 
.____~1,-- - c ::_(,_ __ .::__ I 
and in the same way it is proved that for the second parijmetric group 
1. 42) I. (~t HA)= 'c:~ RA_J 
the structural formulae 
- ··---.. - .. --~ 
The equations (1.41, 42) are called 
after Lie of the first and second parameter group. Cartan called 
(1.8, 10) the structural formulae of these groups. These latter formu-
lae were established first by Maurer 1 ). ·Lie starts from' infinitesimal 
transformations and this is the reason why he looks at the matter from 
the contra.variant side. On the contrary Cartan starts from systems of 
Pfaffians and his point of view is therefore enti:r;_ely covariant. The 
rather fine dualism between the two·points mf view was pointed·out by 
Cartan., 
We gather the following results: 
An ~-pararaotrical group being given, there exist in group 
space two anholonomic coordinatesystems (~) and (A), satisfying the 
equations (1.8), (1.35), 0.41), (1.42) and (1.30). There are two 
groups of point transformations in X~, the two paramet~ical groups, 
whose transformations are in one-to-one correspondance with the trans-
formations of the given group. The first leaves invariant the fields 
of measuring vectors of (A) and the second those of (a). 
Conversely ~ 1 /At 1i-,) constants c/1 =· ccc tJ n. being given 
satisfying (1.30 b), it is always possible to construct in an arbitrary. 
X,,.,_ an.' anholonom.ic system (et) satisfying (1~8) and (1.41) and another 
anholonomic system (A) satisfying (1,.35) and (1.42). The R;;:x are the 
symbols of infinitesimal transXormations of a group of :point transfor-
mations in X1 leaving invariant the fields of measuring vectors of (A) 
and the same holds for the R~ ~ with respect to the measuring vector· 
of (ct). The- transformations of these groups can be brought into one-to.-
one correspondence in an infinite number of ways. 
Besides the two parameter-groups there is a third transfor-
mation group connected with every g-roup. The equation 
------------------
1) Maurer, 1888. 
9 
1.43) ,_ l 
represents a transformatiom of the e1emcnts T·of the group, If for 
U all elements are ta.ken we get a group called the a.djo,int group o:f' 
the given group., Because of 
1.44) 
this group and the given group are isomorph but the isomorphy need not 
be holoedric. In fact, two elements U, and tJ1 may exist such that 
1.45) u Tu ~l - u T u. I 
I t - 2. 2. 
This is the case if and only if there exists besides J another ele-
ment that is com:inutative with respect to every element of the group. 
All elements of this kind form an invariant subgroup called the centre 
of the group. 
Let C be such an element, then the transformation 7 rr? 1 - . 
of the adjoint group correspondR not only to 1-{ but also to e li. • 
A transformation of the adjoint group transforms every sub-
group into a homologous subgroup that is identical with the original 
one if and only if this subgroup is invariant. 
9a 
.ile voorbeeld nemen we een ~s/o,x_:matieEoe:p, de groep 'der\ 
hoaopne lineairo pwittransfol"llla.ties in een f,,. 
1.45 a) 
De T\ zijn de parameters dcr transformatie du.s is tt = ..,.t • 
De parametergrocpen zijn 
eerste: 'T._'\ ::::. U ~f T". )I tweede: 
Zij zijn holocdrisch isomorph mot de groep. 
De geadjungeerde groep ia 
_, 
1 45 b) ' • k z I< f P U f' 
• / -~ :::. '.l.f .c- ,). 
. "' T"' 711P f, 1\::: •f A,)\ 
aa.ngezien ~ A 1 voor iedcre o< commu.tatief is met iodere transform.a tic• 
van de groep correapondcert de tranaformatie (1.45 b) zowel mot hct 
element 'll.~J\van de groop uls ook met alle elemonten ~ t( ~ J\ • De iso-
morphie is due meroodrisoh. Een infinitesi.ma.le transforms.tie V"'.;.J1 de 
cerate (tweeds) para.mctcrgroep is van de vorm 
eerste: / T ~ ~ :- ( n ~ -r u ~ F d f-) T ~ ,\ ::: T ~ A 4 u ~ r T~ )\ (4 t. 
1 .. 45 c) 
, I< T" rk' up t tweede: T . ,\ = · . r. + . f . A d . 




'T~ >- :: ( R; + u f cl t} T ~ a- I Rr _ z_, (i"'~ ,df) = 
= T~-' + ( 1.1 ~I' Ttr - T •~ f 'U ': G- ) df 
10 
·~ 2. ,'.FiP..~te c .. 01,;J!Euous ~1sj;_g~,!i,~HE-1a:P.!:.. 
Till now we did 11.ot in any wo.y sup}?ose that the or:i;,ginally given 
gx-oup was a group pf transfoF&a.tiona. 
Let us take now an r-parametrica.l group of transfor1ae.tions in n vn:riab1,":' 
~/' ? t I<:::. ,, · ·• 11 
2 .. 1) ' I, . , "l 
First we have to make sure th.:.~t the !, f'i can be solved from ( 2. 1) 1 • 
The necessary and sufficie:. .. t condition is thc:t the L!atrix of th,.;: ? :, ,r 
has rank n . Secondly it is necessary that the ·1;o( are ~~~n-~.~?.::.l...L 
that is, that there do not exist equations of the form 
2.2} 
From (2.2) follows th~t 
2.,3) 
and because the rank 
exists at least one 
U 8f "'? tX.} {)/\ J 01 =-o 
2 .. 4) 
' A ,•, !( { ' ~ tr\ ' J--,< ' 'r·1 - ,!!_ 
,.jf'J ::, ~'5 J ,I fJ ,1 ,- 1 ( 1( - :;I _3 'f'l' 
of "?>..,~"' is ,! r/ this irn.plies thc.t t~cre 
set o:r functions 11 (!y 17 tV) such that 
o,.nd consequently: 
u ~ / IIJ 0() Jp f ( J/', 110,t) -::. o 
Conversely, if an equation g{ the form (2 .. 4) 
be functions of the $ k and "the solutions of holds, the / ( l \ 17:x} the equation 
2.5) 
must 
'But because an equation of this form has at most "t ·· l independent 
solutions the 17 rJ.. cannot be essential. Hence the 17 ~ in ( 2. 1) are 
essential if end only if no equation of the form (2.4) exists. From 
now on ,,e suppose thr..t the ?/ ,!I( 2.rG essential and that '1c-;;,i. corresponds 
to the identical tro.nsfor1n..::.tion. Then thi:.:re is a one-to-one corr£:spor.~• 
dence botwcen the tr:1:1Sfor, \:;.tions of the group in a neiGhbourhood of the 
identical transfoTIJ.r.tion cmd the points of the Xtz. of the, ;7 ~ in an 
111(. I 'l/) . 
'Ke only consider transformations of -this group 3~rm .. For every 
definite choice '>]').=It/.« the equation (2.1) 
2.6) •g'=/"llv, "l:) 
represents u definite transformation T~;, working on the jk 
values tJ«. =. 1r:,t,. giv0 another transfo:nuo.tion ~ 1 
1 k:: f k r_t~, 1/1~) 
£k . 
of the ;, • If lfl'JI. ia changed into 11;,"' +. 1 '? i:x we have 
2.7) 
• Othv:t: 
2.8) d , i I( = {-;;/1, f ;,r I cl 11 t3 ~ r J.,(J(·= 'l~ . , 
. 11 r: 
In the right hand side of this equation the J, oo.n be eliminatad by 
meabs of (2.6) .. Then {2.8) represents the transformation of JI<: T"l: t t 
into ~•f'I ti< , that is the transformation T.l +d,,1 T,_ _, working on the 
;, k .. This transformation corresponds to the displao~ent f '?" in 
the point 11,tt. in group apace., In the same way-
) -~k lk 2. 9 d .5 -= I~ ), •. d,.O( 1 ..,11 
e.f'tar the elimination of the J~ represents the transformation 
T,2 •t:/'I T.,;' working on the 1! and corresponding to the displacc:r,ten.t 
; ,• in the point ~()C in group s_pace. If now 
2.10) T;,,~1, 1;-• = -;f +€1,,, Ti' 
then 1'YJoJ.. in K/,~ can be transformed into r"J~in "J,"' 
displacement. Hence, introducing the coordinate system 
space, we have f' ,•:: 1'177 '"'; til-= \, •. ~ • Now 
2.11) d 'ff(' ::: ,~It 'f k' \ R ~ /'!'JM) cl.,.(, 
_ ,., 5. '11/t = ,~ l , , , , 
and 
2. 12) a # r-=- , o~ "J"J, .. , '1{ f} 2 f•t> 1.,,,, 
by a ( + )-.:.)P.1'.~~:t1P.l 
( r.) in group 
after elimination of the JK represent ontJ and the same transformation, 
working on the ~I<' in (2.11) and on the 11< in (2.12). :But this is on!Z 
~ossible if the expressions 
2.13) ~, ~ ()~ ]It:) R~ 
after elimination of the jK , depend .2.nlz on the )k and are inde,:nendent 
of the 1/c,., • 
There oarmot oxiet relations of the form 
2 .. 14) I, -I< C -=-t :o 
with coefficients cl whioh are independent 
that case there would exist a relation 
2.15) 
,. 
of the ) k because in 
and we have already proved that this would imply thnt the parwnetera 
were not essential. 
Collecting results we have the first part of the first fundamental 
theorem. of Lie 





Start.ing from the inverse o:f (2, 16) 
~2~ 18) .}, k := t·t.r )', 17etJ 
instead of (2.1) it can be proved in the same way that 
2.1':l) 
Prove th.::..·t 
2. 20) t -::- v. ( ~- A) _ ~ -t -=- k ( \: •) 
--- B -.! . - - i -( !> 
Exercise 
Prove that the i'nncti0nG -=-- tli}i) and n;'t~'') can be obtained ·uy 
algebraic operations and diffBrentiations from the equation (2.16). 
12a 
!!erste · .opgave: 
De transformatie '!~ ;I( voorgesteld door (2 .. 19) is ook 
een transformatie van de groep en kan dus ook worden geschreven ·· in de 
vo;rm 
wao.rin de 12t:J1.. nu :'le coordinaten van dat punt van de groepruimte zijn 
dat de omlrerfing voorstelt van de door ~Cl(' voorgestelde transformatia_ 
Dan is echter nu. ook (na eliminatie der 1, ;;k ) _ 
2. 20 b) 
8n d.it geeft in verband met (2.19) 
2.20 cl '-.:- ~ rf') N; ff') ;~,~ = -=-[ {f") Rf If,') 
Ki<:::st men nu hierin 1'/e< = 'iY, 
,A n!Y. ::::- - rl n1 u en er v6lgt 0 
I/ I?. 
, dan wordt ook IYJt -::: "'° 3< en 
2. 20 d) i-:-_ ; (s~) ~ - ~ i (§~) t~f (1:) A : f 11/) ; 
- - J ~ .:_~ (1") 
]1v_eed~ o:pgave 




Houdt men 5· x en {-)0< constant dan is 
2. 20 g) 
en i1ierui t 
2. 20 h) 
Geeft men nu aan de ~~ in (2.20 h) wiJlekeur~_g yaste waarden 
dan_ ontstaat er inderdaad een splitsing van ' ) " van de gewenste vorm 
2.20 i) dp '~I<= lf Jt'J/~ f/ f'1?\() 
12b 
c ..,.:-:.a.r hierin zijn de functies 'f K en ~r afhankelijk van de keuze 
Ct::-)r ~ ~ • Voert men in elk punt der X, f en a.nhoJ..onoom ~Qord;inaten.stelsel: 
in met behulp van de formules 
At /•1~) C <lf t% 
d~i.· .. :r.rijgt men de vorm (2. 17) 
~) r: "' t j if; (~A) R j, { t·) = -=--.. j ( ;_s;) /) fi (1J"'/ 
Ve.;:•1:1.~1.dering der gekozen waarden van· de >- ~ komt neer op een verande•-~ J I 
rin.r< der velden .:: I)(, e,, waarbiJ. deze velden (+)-constant bliJ·ven. Txj 
- e, p .,l; -· .. 
b~_s.l_;i,n_g_ van de ..:..~1 ~ A f.> vergt dus alleen .. alge,1:>raische. oEeratie~...::.:·: 
2. ~:U k) 
.~ferentiaties. 1 
13 
Every infinitesimal transformation of the group can be written 
in the form T~ .. c~"1T,1- 1 • Accordi~g to (2.17) the working cf thin 
t!'ans:formation on the variables ~ is given by the eg_uation 
~ .. 21 ) d ~If =~ :.=.:. ·: (J/') {(11] ft 
~:- ',.1;e, if eo« is a 1.+)-~,')~~tant vectorfieldJ et:1 = constant, the 111ost 
,wral infini tesimaJ. tra.n:1form.ation is 
.: ,~ 2. ) 
- ""t ... 
I: , Lie symbol is 
~ •'·1 .. , \ 
i.::... .i ·' 
Vie i,:.1ve :proved (cf. 2, 14) that there cannot exist a relation o:.,.. tl:12 
form -. I Xt: 1i vii th constant coefficients, but relations of the forr,, 
,j,1"{ .f) 'x,1. :::.o may exist •. According to Cai.'1pbell we call a net c.,f -~!:.-· 
finit2-s11u.al transformations 9..2!ill.~.9j;~§.JL they satisfy a homogenecus 
linE::ar oqua.tion and 9~r>endent if the coefficients in this relation ·3,re 
constants. 
If the (+)-constant field e '-i' is given, the streamline of 
this field through 1,°"' arises by (+)-parallel displacement of the vecto:r 
e°'< in 4Jt in its own direction. A parameter f on this curve cs.:: ~A 
chosen in such. a way that in all its points 
2.24) cl_:2 ~ 0,: - l, :x t:\ 
- t- = 1::;: _ n 1,.; e (( 
P. ;,.'\ that I::::. o in ,rt>< • The transformation corresponding to a 
:;/oint of this curve can be found in the following vmy. Leavins 
stant we have in every point of the curve according to (2.17) 
hen,::.;~ for f;:: o 
2.26) [ 
By differentiation of (2.25) we get 
2.27) 
hence for ·Ir -=. o 





Going on in this way we get the series 
2 .. 29) 'f: I( fir 4 ~ .IV f_'k . _1 ftxlfk-;:;, •;:, 1.'r"'r> -t-.i!! .r',r ... 
If ·;his series converges we get a set of ciw,1 transformA.tions depending 
o,,. the parameter t ,, all belonging to the given group. Fe use the 
S:fi::ibolical notation 
2.30) E t )( -- : -+· ~ ·i· X • .!.... f 1X t +, ... I . 2 I 
and 
01H 
~, 'l '?) 
'~- • > i: .... 
wo .,'.,o that these transformations form a one-9.arametri.r. group ~:'ti-:, 
su1:-,;:·oup is said to be _generate:.,d by the infinitesimal transfo:r:;.~~ L,>t1 
no-., wr? go back to the )(1 that was not a groups:pace but poes,:;;u~'t.:C~ d. 
group of point transformations leaving invariant the measurin6 .,_ f1ctoJ.~f1 
of 1.he anholonomic system (It). ·~:he point transformations in Y.1 genera-
ted by th,~: infi::'li tesimal transformation et, Rt -= t:: 11ft i>< of tr.is 
group arc 
2.33) 117~ =-lY. +f?- f(e 1RtJ,,,(1.i; 1 f-..{e 1!J,.} 1 '}f't, ➔ • 
·h:: t I-it '<J 
= Iii::' ,r~ 
and by a suitable choice of the t/ 8.nd r every transformation oi tho 
group can be written in this form. If, however, we keep II'/~ fixed, say 
""l O<-:. 1{'· then(2. 33) gives us all points of ·T'l (~_<X) as transforms 
er 111.>< a~d to each suc~1 point there belongs one set of nu.n1bers fe ~ 
t) 
i'his establishes a one-to-one correspondence between the points of 
-~; ;·1,;~J and the transforma.-~io:ns of the group germ. That means that the 
... 
'/ is now group space and that ·we have got the same situation as if 
vw •:.id started from a::.-i '! -paramotrical group. 
The system of equations 
2.34) "\ t~~ k - k 'f J \ 11 / ~1 o •l ::' ...:::_ /, I '1 J n fl ( 11 /'' ( ' ·~ / ' 
has the, solutions 
"35 1 ;;;_. J 
dt.:pcnding on the n parameters JK ,. Accordingly the system 1s totally 
intagra.ble and its integrabili.ty conditions au.at be eatisf ied identi-
cally. This means t;ha t 
0.::. 
OI 
2 37~ . . . ' [ ( x. x,} = c.'( X • .J 




II .. 1. 1f X,1., are the s~bols of ~ independent in.:t:,in_i_!:::Et-:·:::.-·~ 
transformations of th_!Lgoup mentioned in. lJ!. 
2.38) X - -:: A { C: II:.) d I, - -1, /";:, A 
equations of the ~0£!!1 ( 2. 37) hold in the constant coeff..:\cj~aj_l 
;., t'.l. 
r...:. t J ~c d) = o 
III. 1. The conf!t~ Cl~ in (2.37) s~tisfy the 89,Y;.R!:i.9.!!.~ 
L:~_30 b). 
The second part of the first fundamental theorem :is the invert:: ·. 
ol' ::he first pa.rt: 
I. 2. If a set of transformations of the ~"' _is given 
llil! _fung_!ions analytic and with Def· ( '>. X ,r)-/o in an l'f7 (J: ,.4 i<) !lepe~~ 
~~m r ,essential parameters 17°' !a,.d containin the identical trans- . 
.f..o_;mation ("it,(» 11.:x) and if there exist r 1 function_! /-J ( t(" J ; . 
O, t ( R~ j 40 ~al;d:ic in am 1t{ 41,_ ''') !!!L ..,,1 functiofs :;:'{ ( ! ~) 
l!lla.l:,jio in an 1Y~ ") not satisfying ap eg,uatior; c ~, &tl'!..£9eff1-
c1enta c. e , inde2endent of t" and for which 
2.40} J~ ~" = -:::..:ii>) n.~ 1,,f)(J 
in an r1 tJ~ ~-<) these transforqat,ions form an "l -P!ram.etrical £OUJ? 
In order to prove this we remark that 
,ii.11g to (2.40) the infinitesimal tra.nsformation 
on the )' is given by 
z •. q) d J It 'I: -::::. j ( l '') II) ti, ,Ii 
ju.st aa before accor-
i;,, rl"I T ,;,' working 
1tt- . 
wt it is as yot not B11re that this tra.nefor:mation belongs to th& set 
K?reover, in the X~ of the ,~ there do not yet exist any aequipoll 
ces or connections, 
Now we try to find curves in X11 with a par8Jlleter t suer ... 
d). t, = '! t ::::. ' (I;) elf 
v:~ · •1. constants I ( • Tha:r.cfore it is nevessa.ry that 
... ,.... ... 
c.,-·_'.J ,.:. i :.:_ /. d f : fl ,1 .:: ~ d ¥/ fl 
bu 1; ~Jc cause th t . l - I( ere a::::-e no equa ions C =-t ;:. O 




Rj ~'76: 11,,l,rt 
n; has rank 'l in a.n ·11 ('I"") ther1;; exists in ·~hat reg'l .,r .. er:. 
Rl • Hence in this region "41• is a solution of the eq·1,:1.s:.:,.r:. 
~~a( :: e J J71. l'7 ~) 
For a given boundary condition 11]'':: 1;- for 'f "'· •~ there is on.:i and 
. only one solution for every set of values e ,t 
2. 46) '7 t.( ':I: yl'" le -', +J . f ~ ( ~ ~ () J : 1: 
~~~-:- r.hi&. solution is substituted in (2.39) the ~k are express~:. fer 
•/Vur:, 111""' in an 171"(} as functions of i 111 , 'I: and the 
;', • 4 7) 'l I<" - 'f ,c{JJ. ✓, +) ! I - tf fir( f > J ) - ff f }t ~ '· ..s... 1 e 1 _ , ,e ,tJ. ,"}.
-' . ;. . 
If t:he et are :fixed, this equation represolts a set of tranaformati::;,J." 
b€'; ,:,aging to ( 2. 39) and depending on one parameter t, . All transi~22:.: 
~:j..QLtS of tho given set in an 111"}:J bel~ng to ~and only one _?J_ 
~c onc?param.etrica~ sets. Accc:trd~~ to (2.j2) _and (2,47) we have 
2.48) ~r .. ., l :::: u '! ~1 T' = r,. n 1.>· .• ,,,: .. 1 ,. .. t • • 
The eolution of this equation oa.n be expanded into a series 
in e. neighbourhood of t • o • For T • o we have 
2.49) 
/Ill .. • ••• - .... 
e if J/(; 
,Iii. 
V ,-)•r')!)Jf 
; -~ e .:-,1;} Ir 
'I -~t 8-:;::-}tff))' 
. ' - e -~ ~5 ;:,a., 2 .. 51) 
for,•/<,1 ·?t)1."' ·,u-,r- .. ,-;. ,c V" , .. ,," .. , "' OYl'C, p--:,--• Y".. 1....,; --al .cr:"'oup gener"'ted b 1T 
~v- • .• ,t, ,Y ·•'••••• \•j. ,.,,,.,U ,;- ,-~ ,.,(.;.-,,.,.._,A~••,_;1, • .._1_, •• 0- •• Cl, J 
the ini':i.nitE:Siiit-:.1 -~rarisf'-1:-'"'~~ti()~l X. Honce 1 co,ll.~Jaring (2 .. 50) and 
(2. 51) we ,·;,·-e t:•,1,;: <'\·'-r"';- +r·1 Yi"'f'r,t•· .. ,q-;-; "..., n1· t·,, ,.--ven set 1·n J.-V 1,_.) can 
..... . ..:i.- "" ... ,.~-t' ., .... - ,.~.,- ..... ,1,·.,1-\,-,,, ..... \.,,,;,,.1, \. "" ._; •• ., .... ~ ._).... , t,11 ,..., 
-~ <"' be obtai:1c<l b:t· tJ'.'~1.:,f;:fc,r J.d .:·ir.st ( i:1to t by means of the transfor-
·r- - ,·'{• 'f~ mation ,,. :;_r,ii ..... r ~-.-•-·-1 1', ,-,,.-:,-, .. - :, . .,~~'""'=•'·"'·•·t,: ¥1--i·,1.·tr. by means of a :J - ,. .... ·;_ .- .. -...t .. _;/.l'.- .i.,. •.•• J.~--A---,-, ~•--- ........ ,,L.'t•'"'.l,._ \. - -~.;Le •• ,.\,? ,,,, ..., ... 
t:ra.nsf o:--m.u ".;iorL :-,/ r., or-,) ~\i~1.::cr,.'..:t"l'.'i8al ._;.>'r·n.:, ; .'..:. 'i '1) that can be obtained 
by giving tre --e' sr.itable val,:tos. A.lso ·11,c s2& t:r~att converselyt every 
trans:for:\JA.tion (_, 1.r..:e'i,~,.ct1 ir. L1: .. s we.:,- b-;l.r,1,:~:s t-J the set. If we take 
~ ~ -1) ::::. "'l it fo~U.0·,;s -~hP.t ::--v';ry tran.sf0r.ns::t1,"1:1. ; of the set belongs to 
o! ..J: of' the one-na.r,•.:r:,.::t:::-j_c:a] P"":::i :01F1S ( 2, s 1) and. tl'::.•:t ever'\:· transformation r ,... ..., ,J - _, 
of such a group bc:longn tc i":;1-; nE,t ,. An R coroJ.lary we get that T be-
longs to the srit~ ;-:ow 1:-. axi 1 1- i:i.rfl ::ic~tl1 arbitrary transformations 
.t T-' C!f the given sr-:t. l>.1-t :i.t b1in:; ,)rovi:Jd. -~h~:t T 'T,, and belong to the 
. • J 
set. 
Th8 .:i,icc ~~-""" j_1art of t:~l.. seco:nf!. fu:1d,w1u, tal -!;hc:orera ia the 
in:.1 .:">•. (lf -f;\1r-: :··irs-t 'Jart. 
J. \ 
IL ?. lf Y..t = :: &:, (_J'') ,\), :~t:•;.._~1?.-~tJ'1_1:..~1-..L2.:f "(. in~eJ)en-: 
_c'!_~n~ _ '..: )'j _n_?:_!~1~ !J':?.1 .. t_re.r._§f orLta t :i-~~l?;__..9.£_~~1~. { ~ ~ §1.ll t iJ?_:(_y_~__gl_l::! ___ ~ua.tion_l! 
( 2. 3~- '- 7i t'.:, 0cr:~.::tan-t; coefficii::nts ct> the;o trana:'ormations are the 
--- ...... •·- ............. •"~•--··-·•· _, -----·•-~·• .. ·· .... -------·•--·---·---•-· .... ch •- ...... _. __ "', .. ·------•-·--... ,- ·-·-------•·-• - ----.,-
1,!lf in :~ ~~:.:~.::.-~a} •.• \t:_:·:l: e..f_o}] ... ~~~ i Q._n_s--9}' __ ,_an '1 ::J~__ral;!;. t::.:t__rJ, c.a.1. ll o.l!.E....A Et_I]k 
!n cr-d,~r to prove this we remark first that the identities: 
2.52) 
can oasily be ver.ifiod and tha·t they imply that the C«\ satisfy the 
identities (1.30 b). Now we he.ve already 1rovc,d that according to these 
ide~~i tieg and tho constancy of the C~ thern uxiat in the ){t of the 
auxiliary ~ra.riablea '1.f.f "<i' !unctions A! r11fl) satisfying the equationti 
2.53) <lrrri~1 =-"'t-~b R,iRJ ; Drt(A1~) +(.J 
I\lt from ( 2. 37, 52) it follo,,s that the integrability condi.tions ot the 
~qu:1.tions 
d" 'f = 2;1fl RPf rt} 
are °l'.1.untics.lly satisfied. Hence these equations ara totally integrable 
and th. ♦::y have so:lntio.na of tho form 
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2.55) 
D~f (JA 1f') 4 a for 11C1;: :)f4 
valid in an 'rft;J8) and depending on1} :pa.ram.eters !"' . That finishes 
the :proo:f because according to the f'unda.:mental theorem I., 2, (2.55) 
reprascmts an ~ -paralilotrical groupt and the Xe are infinitesimal 
transformations of this g;roup. As we see an A( -para.metrical group or 
at least its grou:p germ is wholly determined by"( independent infinite-
simal transformations, It is said to be .6.9Il.e_f.,at_~ by them. 
The second part of the third fundamental theorem is the inverse 
of the first part. 
III. 2. ll Yi ~~"f't-1) .9ons_tEl;_:;:its Cd ; C(c/J =:- o ~:nisfy 
equation~ q_f_, tile -~o_:r;:m ( 1. 30. b) _!!l~~e al~~y~cx=i:_,~s_2]_l __ ~.--:xa.:rametri_~l 
~,:ap ~I.'.t!!.~_wi,_t_h ';. iJ~i...~tma.1_ .. ~r_?.n*sf..9£~~-t_io_l_l_E:l --Xt ~~.§:.tisf_xing ( 2. J7 L. 
In order to prove this we construct in the '¼,. of the auxiliary 
coordinates 1q~ in an '4l{7J')I,), the fields ef satisfying (1 .. 22). Then 
tho ~ infinitesimal point transformations 17 ~ ?tJ.+r;~t with the 
symbols Rt satisfy (1.41) and in consequence of II. 2 .. they generate an 
1 -para.metrical group germ.1) 2 ). 
----· ---.... --~----------
1) In the proofs of the three fundamental theorems given here we made 
use of the existence theorems of the theory of partial differential 
equations~ For our purposes this is the natural way because sets of 
partial differential equations are just what we are interested in. But 
it is not necessary. Freudenthal _,roved 1938 .. ~ .• (Jber. D.Math. Ver. 
XLIII (1933) p.26) that it is possible to use only the existence 
theorem from the theory of ordinary differential equations. 
2) E .. Cartan has shown that the original proofs of the fundamental theo-
rems given by Lie failed if one does not confine oneself to a group 
germ. Cf. Cartan 1930 •.. ., 1937 .... p,.189 (Comptes Rendus 190 (1930) 
p., 914, 1005; Theorie des groupes finis et continua 1937). 
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The transformations of the adjoint group show two different 
aspeota in the X.. of the J k • Let u.s a.sswn.e tirat that T and lJ are 
point transformations 
2.56) 
Then we )lave 
-k 
'l"- ,,,, 'ck 11 f A' u~' f 2. 5 7} > :: u ,) -== T > = 1J T ;:, 
If T transforms t"' i~to JI( ... / then 1J 5"' is transformed into ~ J" 
b! applying 11. f u· to 1 . In the special case that 7J T 1.,r = T t 
1 and U aro commutative and Tis said to be invariant for the trans-
formation 1J, • Now let us assume that T is a point tra.nsf ormation and 
11 a coordinate transformation 
Then we have 
2,59) t~1.1f = urf., UTU"'f' 
Hence ~r describes a point transformation with respect to (11} and 
'lJ i U:' describes the same transformation with respect to (~). 
The adjoint group is always a group of point tra.nsform.atione 
in ;-roup s11&ce. Hence we ma.y ask how this group works on the in:f'ini te-
ei.r .n.l transformations of the underlying group. Such a tranaf orma.tion 
corrasponde to a point '!f +e&tcls in grouPl9pa.ce. Lat ,v-aic bo some vec-
tor given in'!}~ then by (+)-parallel displacet.1cnt we can get two vec-
+t'w" -- - Tl( )I e( I( +Cl( torficlds 1' and tr with 'lr .:: 'iJ =-- 1·v in ") .. 1t is (+)-constant 
- ~ ~ G 
and 1/1)( is (-)-constant. 1'/'"➔ ·l] +- \1 elf is an infinitesimal transfor-
mation of the first parameter group and '?Cl.~,.,~ ... il-<ft one of the 
second parameter group. If we apply the first transformation and a.fter 
that tho inversion of the second ?'f()(-1 'l""'-1j""c:1t we get an infini'te-
siJu.l transformation of the adjoint group. All three transformations 
correspond to the transformation of the underlying group whose image 
is the point •Jt'·-,.. 'lf •dt • 
'It' Now by the first 1n:f'initeeim.al transformation c is displa-
ced (-)-parallel from 17..._ to 110,. .,..,,•rJt • Its components in this new 
• - fr( i,/ tJ r point are therefore e"- 'f/1 e v d. i .. By the second infinitea:Lmal. 
transformation this new voot9r is displaced {+)-parallel back to :,"" • 




Th:: t; means that the transformation -of the anholon~mic components e is 
1).1 .1.ar homogene~ 
2. 61) .I Ct +£ ' · 0. /., C (..f. Cle = 'A. ct e tV.cti -
and that 
2.62) ' , 
are the symbols of the infinitesimal trnnsforrn2st ions of this line~r 
homogeneous group, This group is called the l~~!c1.eor adioint group. The 
infinitesimal transfcrmation 1f t jr, of t~1e linear adjoint group is 
, 'X ,/-fa "' 
said to correspond to the infinitesimal transfcrmations V t = 11 ..::..,/. 0-'t :, 
'V ,t !le ::: Vt 1-12 l~ and 1/ (. J J11g~ of the or:iginal group and the two 
para met er-groups. 
According to (1.30b) we have 
2. E :-, ) 
and this implies that in the case where the linear adjoint group is A{- para-
metrical its stTuctural cors tan ts a.re the same as those o:f the given 
group. But as we will see later it :is not necessary that the linear 
adjoint group is t~parametrical. 
- 20a .... 
Voorbeelih De groep van de draaiingen om een punt in "R3 • La.ten. ·rf, ') i 
en . de drie hoeken van l!;luler zijn en f> i \ ft 3 orthogona.le ca.rtesische 
oo·ordinaten in "R3 .. Dan ont staat de transf cimatie door de opvolgenda 
draa.iingen 
.over 13 om 
over 1/' om 
over 17 1 om 
Overzicht d~r inrlices:-
In 1?3 




3-as van 2 n.aar l 
nieuwe 2-as van 1 
nieuwe 3-as van 2 
In groer 
«,/\ j';:::. ,. ). ,3 
a, &,,r -::: \ ' 'h.. ~ 





2. ~1. CO$ 173 -fl' 
i' to~ "l"-<:.,i°ll"i 
- C,1 s r{ s :n s 111 + 6/n "( ~•n ,-/1 
+t.:-<-•~• '?'J... c~s ·i/" 
of in le notatie 
'f c1 c.tc 3 -stsJ - C 'c A ,- ! - S 1, C 3 s'c:i:. 
2.63b) !A c1s"c 1t c1s.J 
-· c' 3 ~J -tC 
Jj 
- ~/cl G c' 





(Contr~ler (2. 63b) en (@. 6}c) zijn e lke.ars spiegeleee Id t. o.v. de hoofd-
diagonaal) 
Ta.bel van 

























I -sl c:,. C) 
.. 
A 0 0 1 
J s' e" s' i" I C 
·-
(Det == s' ) 
alleen bruikbaRr voor 
ai:n "1' :f o 
a) 
.J 
11; I A 3 
'\ _,._, 
-c~Ys· C~_s' 
l. c" .,C~~I Sl/,S' 
~ 0 ti 0 
--
(Det ==7s' 
Omk.ering alleen _,_ 
gelijk voor 
sin "1' t11 
- 20c -
i _)£4 _________ ~-- ----
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met een mogelijk!: ontbin<'ting 
2.63g) 
' i l 
-I{ 
I A l 
.:::.. {p 
-----
'"--· ·--.. ~~ 
►) d,, \ (, $ -r~ 
p~ i, I ~ I I 
'/'~ ! 
' I !
·r --- · 1 
s' cJ I (l i 
----- --"-•-
; 
-t () f 
b) 








(Det = st) 





nt.t I l l,. J ijl ! 
\ l SJ . c1/s' cr3/s• 
·-
c) 
~ c..3 s'/ ;'.-2'.s3/s ~ 1 
(} I I I 3. 0 
' 
0 f .L 
allcen voor sin rr 'f o 
I 
-----~·---- I ~ } ~ 
2,63h) 2. 63:l) 
~ ~,.s?itc'c'-cl 1-s'·cli-c'r1s 3 1 s.'cl I l l I I 
c'· ,1 + t •~•cl c•r.l - c'.s'~' I s •~, I ,. - '>\! -C'eJ.:,l l '-c ' -c 's '- .s 1 s' 5,l ,, I,, 
3i .s'(" 3, I~~ c' _,:/c3 s·~~ 3 ; c• I 
V0rgelijkt men dit met (2.63f.t") dan volgt dat de overgnng van het stel-
s-.:1. (n.) tot het stelsel (A) in ieoor punt van de groepruimto de vorm 
he. ·;t van eon draaiing t. •· v. de t,e 1 ♦cnlo coi'ird inatenste ls1J la. Voor 
.:i.: 
•1 - 0 krijgt !lMH'i. de idontiteit d•Js (a) 1n1 (A) val.le n da.··r sa:men .. 




2.63k) ( eye 1 .. 1, ~; 3 ) 
Deze transfo:rmatics jn wel on 
niet om erbonden. 
De enige lrentallen van c; t. • .. die niet nul ?:i jn, zijn dus 
2. 631) 




~-J.,:._!~!L~~2!e .. t~2-~2:f_~£~:2-~J2!£!:..:. 
Gathering results we have in group S)ace 



















1. the integrable but not s;,"l11:tt1etrical {+}-~connection 




. • (1{ . 
3. the integrable but not symmetrical (-)-connection; 
4. the anholonomic sy:'..ltera (A) whose measurin6 v1Jctors are 
(-)-constant: 
,,, 
'c) e~ ,::: d,. ;; 
=-
e ;>,r Et, -d"a i;~ i:J 
A - /!,, - Ci( 
'\ ,..,.. Cl( ,..- .. 
ei'J if: --. (Ji( :::' \rN ·-· -· ,,~ ~ 
r- lb( R:s 'l R~ "'\( If; = - /\ r1 ¥ 'b ~ n r~ 
fc~: O 
5. the relations 
(t 
e ~ .-'( 
- A 
+ 
I- (;I( ,~ 
. (rt. .. ~' 
',, 
't: A C ... :/4 -· ,? ~· 
-
_, 






3 .. 11) 
3.12) 










6 .. the sym.1aetric but not integrable connec•tion 
7. the first and the second para.aeter-group of ;}oint ·trans-
formations with the infini tesi.c.1.al trunsf or,i::i tions 
R1,-:. Rt' J,6 and H4 ::: !ii ,)ll and the finit;e transforma-
tions T➔· 'l.t T and T~ T 1.J • 
8. the adjoint group with the finit1;; tr,-,.:u,for· .;~tions 
T➔ 1.l T 1r' and tl'J.(': li:10ar o.c:,joint group ·,rnrlcin:.; on th,3 
· r "" .. ·t; X, o-r in ini tesLrl?.l trarwfor, :ati on C'." t:. _ t}, e gT01.tJJ 
L o ,-,a ~ ~ .,<) I c e .:::: c , ( 1 1N• ;. e <' • r t ;.I 1-7) h, . r i ., · · · 




-t ~i- •jo 1" + 
0( ,. { C .. ti, S,Jltl 
t,; r . . l 





Hence (cf., III§ 6) all differential comitants of group space are ordi-
. . t £ '"' " t< T' . . · . t 1 1 t· i nary oom1:tn.n s o .... J/:, • ..11s nas as a cor.sequ.ence i;,,fa a- nese com -
tante have constant components with respect to t1Hi anholonomic aysteitts 
(a) and (A) .. 
Moreover, according to ( 3. 18) group space is symuetric with rNrpect to 
all its points (cf. III§ 6). 
Every transforHation of the group ger1 can be generated by an ir...finitc-
simal transformation e /. Xi and can accordingly be written in the form 
3.19) 
• 
Hence the "{ n'U.Jllbers t €:' l can be ta.ken a[~ holonomic coordinates in grou:t=i 
space. ·?ri ting r;lnt. for thase new coordinates we get 
.3.20) 
• .. 
The measurin.; vectors i~ and f"" coincide in 1?~. Now we ta~r.G them in 
such a way that thqycoincide also with the t~ \n that point. Then ac-
, ,..( ;)I, 
cording to l 2 .. 24) we h,we in every :·1oint ;n; ::::. e °'· cmd in ?-;/JI. we have 
el>{= t): el\ ,. Hence (cf., III § 6) the 17. 0t are the 11or1n.al coor!inates in 
~ belonging to the point '>jt,.( and the coordinato system {"X). 
Because of 0 
3 .. 21) 
• 
the four coordinate syste .. 1s {~), (Q.), (A) and (trt) have in 17"' -~~-~SE!.(; 
mcasuri12&,. _ve s.!9£.S.:... 0 
If the e!4 are subjected to the transfor,iJations of -~he adjoint 
group and if t remains consta:1t, the 1/1)( transforu. in tlh'~ af\m,e wa.-, e.s 
the e ~ i .. e.. linear homogeneous,. 
- 24 -
The a ~<:12:..l]._t ... .&z:Q.:u.2_ _'tf..0£.k!l_ .2!.l. -~}1~: • .f j_ ~ te... .• tr~·::..1_1.:::f.£.;1.i~.\ i_9J_l}!._..9_:f' __ ti!£ 
~~~O.!ll?,. _j]:l_s_t _ _i~n.._!.fl '.. --=~8::.\~: _v!.a y f~9 __ 9£ .. th.~ )E-!_ i .n.1-t.. o.~~1~at.E.!1.ill11.2!".!!!.:: 
~s-1-.ri£o_y_i_4._c~L~~-~--n_9_11}_,.1l ~~c:,.c~r,~1:]_~a._t_,!.-? ... !Y.iJ..h .. _r_~~~;2/:.9:t __ t_9.,_?/~-~-E5i. _uaeti_-:.. 
() 
In III§ 6 we have dorived th. relation~ between ordinary 
coordinates 





'"'"ld noy•·r··a1 Cf"lr\'f'-1",,·,,·.·'-·.-,o "'E• 1r-,,~- " 'v I , ,'l,< 1·r1,0 ·tni::d o--1-'..,_ (;;;..,. ,l .. ,.LL • ...., ;,,.,•.-. u, . ..;. . .,..,,c1. 1.., :...,,., " ..J. 11,.f1,...,.,.,,G •.\.(,,:,; :: 4 , (.. ... r:, .., __ _ 
and O!, Z,l' :::- l. f insh,ad of l i",i::. 1; .• n wo get fro1.n 
, , 'J 
T/ {}(. :::..· "' l;/t C< '/ ' l'J( II Cl ' ) / ,r /3 I t- ('7 /I ~ I 1· ' (, d;,,., I) l~ )( li1 -+- I')_ ! cl Cl-. ../ l Y6 ( () '? V l"f7 1 + -3 , 0 ~ y V ij 1 6 i~ I "l? I., I • 
I fl/ .·, (12.81; " 






1 ,- J' j tit r. zy, 1-- J' r· f 
i-o I/sf~ L(,f\d' -3 'J'f <rur1. ti/~) • 








( ) il~ l/1( From 3 .. 22, 23 we may get 11 i. and ft,,, • But in &roup spncc \7e can get 
/ I I t; , . 'i 
very simple cx}1reasions for 
'
,,.,t '/. !;( I'" 
1 r' and /·.' 6 and :f:'ro:·1 trwre we can f~et II 6 
;.md ·1i·~, biJC;:.use rt and I 1~ i ri: already knovrn. 
In every point ot a {;EodQsic through ,r1'>{ 'Ive hr,we ::.1.t t>nu lrn.nd 
0 
3.29) 
.. .._.i. tn .tN 
.. :... r~ ·1., -- ti' ,,,,.. :I 1/. ·· 
·- '>' I q 
but at the other he.nd 
3.30) 
• 
Fro::1 this l.'·t f'ol-,ouso b"C;""·•q.to '1f rJ,,.,O( ~ J. ,,.., t~ a,,t,.<;;. 1.. . I 
3.31) 
• 





Now ( 2. 52) is valid r or every c:;1oice of the coordinate systc..·Hl ( ~) 1 
h0nce also for (Ct}: 
3.33) 
• 
If this is substituted in (3.32) we; get 
3 .. 34) 
For differentiation along th~ geodesic holds 
3.,35) 
hence, fro.,, (3,.34) (cf. (3.20) and (2 .. 61)) 
3.36) 
• 









Ye remark that R ;.(o) = J~ and comt><irc (3. 36) with tho ordinary diffe-
rontial equation 
3,.37) 
• ; )( ::: 'l<f n) l'I 
whose wellknown solution can be written as a series 
3.38) 
• 
"' = x e_l)(t __ , = ( , 1. , 1 t ) 
" }( I + 1 ot r, t ::rr I)( ti ...- · • , () o(t• II J, J, 
From this it follows that 
.3.39) 
• 
.!,_ t::" . ( L.... ' f'. .t "- ) 
-t-,, f;.., I,.. (J - ••• 
.J, t 
is formally a solution of (3.36). It has been proved that the aeries 
converges and gives a solution if the absolute values of tho C~a and 





where the ,:B~ are t:1 e Bernoulli nu.w.bers 1) 
B() ::: I J :B, = ~ ; Bi= It. 
3 .. 42) BJ= O> Bv =- ½lJ Bs '"#I'() 
BG -= X,,.__ -a,:::; 0 131-= - 0o 
Thia gives the inversion of (3.39) 







A In th~ aa'lc way soric,s for Uz_ and 
same form as (3.39) and (3.,43) with 
instead of £ , 'E being def inc0 by 
n; cs.n be .found. 'rhey hava the 









Rot - J-'11 e {"o \ ['OJ. \ E-'r:E-.Q.t~ ) B - J O '8i '"'C _... ", t • ..., I\,_ t e .., ··' 
" 




b) A~ j (J ( { - £ t ) ,... . t.· Q --1'1 J 
.. Et 1·, f, I:;:: - 1 ' 






Et - t;t Now e · and e are linear transf' or.;rations bolonging to the group 
generated by the infini tesiJ11al transfor •. 1ation £ f n ;)a.. ,that is the 
linear adjoint group. Hence 
In every ;eoi!1L9J_Xti_~e_m..fil!.S:U,X:iP..,A ve~. of (•)__transform 
into the measurin~~<?.!.c?£.s_o!_j_A) bz_a_fini t~...!,ra;.1eforma.tioll_C!.!_,!!ic li-
near adj~int s;ro.l!l!.:,. 
3.49) 
The matriZ notation can be used for the computation of the 
~i . From (III 6.20a) {.A(2.12)\ we get here 
• 
and according to (3.17} and (III 6.28) {A(3.4)t the first term of the 
right hand side takes the form 
• • 
The normal affinor of valence 5 is zero and tho noI'l!lal affinor valunce 
6 can be written as the transvection of two factors 'RJ;iut as was 
discussed in III§ 6 {A§ 3J , and these factors give four factors 
CC i 01 • But this result c~ be obtained here much easier by 




E C ••o stands for the matrix e Cc i 
.. .... J. A ~e C .• • A"' C .. ""V tn \. d. ,. 
c-· ct -:::: l ~ Cc. 
• Hence if we write TJ for the :u1atrix 
and Ce for the LJB.trix Cc.'t Cl , we h.8.ve 
3.52) 
• 








, r wo,. . . ·-:.i /l P , -P ',?. c ) 6 
- "iiT · · ~. 1 - iii I Le - Zi'T r I. 












Uence, makin3 use of the fact that ( rt) and ( 0() have t"ie same measuring 





~ ns.ti tt,. c .. D, C . , '91. ~ .. ()t 
- IV '>/ { O 1"/., 6 () f;t.1 ~ t') c--D,. + .. • • 
From these written terms all vanish by :mixing over ri exoept the third 
one, hence (cf. (1.30b)). 
3,.57) 
• .. 




C •. Ct. ., ,- en C: 6 -::: - .,._ [ (' l,} • 
• • 
1/ 11, 411 • • -;>, t · · J,. • , l)t + ter111s of an even 
+ '""' "7 "'I g 1';[(1. ()'1\llJ ~ 0, Z>,_ "'- " degree ~ L/ in :/ • 
By a reflection at the point J()t a. field with the value 1'11/)tl O in "'l er 
is changed into a field with !he value 1'. tH::: _ If #1 in _ "7 lit' • If 1' • are 
the (n)-components of tho fiold in ?JI)(, it follows from (3.39) t:mt the 
'Uo. in -'?.Ot are not equal to -?rot but that 'UA:--J-! -,r 4 • The reflection 
of a (+)-parallel dieplacer.1.ent of ,V°' over «11'1 in ~tit ie a (-)-paral, 
lel displacel!lent of 11( Q( over _ dl"" in -17 11 • Hence the reflection of 
a (0)-pe.rallel displacement of '11 ovor cit}'" in ttz"1 is a (0)-parallel 
displace11ont of 1J OZ over _ d~"' in .. ·17 t't • Hence, ta.king a ( 0 )-dia-





3 .. 51) 
or 
3.62) 
hence (cf. (3. 11 , 12» 
3.63) 
. .. Ct. 
and this proves that in t~-.e ser1cs of (' t-l, 
. 1)°' in 1 occur .. 






I f , 
f?> tf. I -J .. 3], ~·--1 
I O ; 0 "'. 1 
----t----. .. ! 
.,l_ {) I C, I • •, I 
- ·--r --1-··- ···1 
J () i ::-' . ,;, 
---------- ·- ..... _____ J 
rri! I· 
I 








0 ()-+ () ._,_ .. 
3 ~· _ l, i 0 j () 
I 
' 
13 J fxr1 
-i I {) (' I (') 
. 
t 'o ' () ! 0 
--1('1·. -+-· .. 
3 1 ls1 ~~j_': _ _1 
l 
' I " -~1 J dt 
I 
... :~i-~ ('I 
5f-1 
,l (\ {) 
:1 3 0 ; Sit 
A 
I 0 ,c' 
.1i 
.t cA 0 
'=-4 lS 3 -11. 0 j 
1 ~ J 
1 ,, -x!,1 'l1~ 
-
--
-1 -~s' 0 n 
·-• 
J r' 1$ (J i f) _L:_ 
Men J,.ette er op dat er kenta.llcn zijn, die voor 7(:.:: o oncindig Worden. 
De reeksontwikkeling van Veblen (A (2.6)) is dua in dit goval niet 
bruikba.ar. 
De vargelijkingen der geodetische lijncn worden 
;.6;b) 
Deze vergelijkingen zijn in de mechanica bekend als de bewegin6sverge-
lijkingen van een homogene bol die om de oorsprong vrij kan draaien. 
Lan.gs een geodetische lijn is 
' 
3.6'.50) J e < .. = consta.nten. 




~,:!_ =. c~~ :, l <:>" .., !1'."' ?.21 e- 1,, 
cit \'"" 1t' 1v'n "l1 
en dit zijn de eerste integralen van (3.63c) 
- 3 
en 
,!l f ,(j 
3. ) 
( '4 
.E = - ( 








nin tl -Et)., 
rt 8 .";: de, ( e t, ::::: 
:: J' ~ f fl - [ t ( I - I p1 "P ;., f \I - •• ) + E 'i 1. U: -~7 l ~ .. ) l; 
A _ >t A ( Et)o _ ,, fl / 11 .+· r-t ~ . c ltt·' !.:!.. •. ~Jl'J. 
- o ~ e t, - . a c r i:. Li P !" c- f-,,. f, 
Ri = ,tf (e~:-r~ 1; : Jf ( /.J-j, + I c1e·-:n r3{f ~· .. ); :; 
Uit (3. 40) vindt men gemakkelijk: 




3 •63m) A"J ... ~o</R 1 l-··• .,r"'tl.1-!c."t9~ln. L, - l 0t. ~ /A ... ,, , •. , f'f. j[ 
3. 63n) nor t-Or & f f:) _ ., ,:f ... ,-_ ~.; :\ '.::}cdJ_ 1%. ·f't. 
" e, :,;, C fl P., 1 I I; 1. • •- ,, f),. I e, 
•• ,:x :!: 1>: Verder vinden we ujt {°?. r-:;3r:1,) wegens C:,,_/J = -9.. lllm 
.. " C ~(', 
n, 
X 1 1 3 X 1 " 3 f" ! 1 . ~ 3 3 
o) 1 0 (> 0 
--





- /st 1 <> - ,1 .., 
-·-----
~ c Is, !) 0 
3 'l 1 0 0 I 5 ' _ _,_____,_____. ______ I 
1 () 'l 1 c1_ $ 
--
~ -'I,_ 1 0 0 $ 
. 
3 <)1 0 I 0 - 5 t 
1 





'We ·.vililden-.voo:r de niet .. verdwij nende' kentallennitan "R · f.. · ' 1 in verb and 
clc · 
met (3.17) en (2.63 1): 
3.63p) 'f'\•·•; -n•--3 --.-,•-·-\ ~ .. -, '/ J"'\"\','\ : -1,~,, ::; -1"'1.y~::, ::: t'>~i\?. -: - ti 
Evenzo vinden we, in verband met (3. 630) voor "R'-,·i~ "'- : 
-0•··a:i: - fl ''•ll 
'"'13.a - - 31/J 
-r-, " . ~ 'b .. ·+( 
f"\~ 3/}, = - "·,ljl 
~I 1 ~ 3 ~ I 7 ,\ J X 1 2. 3 I 
3.63q) 7 0 
.. ,'I "'c:1 1 0 Xte1 ·Vt1 1 0 0 0 
~ 
-JI./ 6 () ~ C> O· () ,< () .~e' !4 
- ·-
3 0 0 0 J -fl./ 0 0 
,, 
3 ! -~ ¼. 1 0 - "'I[; ! 
--··-· 
Na invoering v.an normaalcoordi~aten "?.Of::: Jtt e °'t nee mt n,; de vorm aan 
(verg. (3. 63g)): 
3 .6i:tr) RQ r-ltu• etJ<: -•t. 5i1tf+ .,.,,,,,ir~tt e''i>ec• '(< 1-Cl'~fJ i 
.) 8 ::. tJ (3 1 e .. 1'j f)1 c.d> T It] -, (. OT l ' ' l, ·ti, i." -7r J 1 
of in verband inet (3.63e): 







3~ lfj~\, ' "ll tfi~ p • :.11~1' ( 1-cc,~p) I 1 :t: '1' . c:osp..- p'I.. ,,.,,,cs.p) - , 't'I t' (I-Co.IP, 
·- -- -
;.63s) 
- • 1 i l - ~ ' t;i ').. 
•r/ y 1· ~}(i.co!.f) CC$ p + 9 (1 .. Cof fJ) .. •f ._.;p + (1-co.sp) , . 
----~-- .J -- -·--- -·--
_,.,.,x ~t'ri_p .fr, '?r'?!t,-cos p) .- , t:Jl f \ ~ ? 1 o/ -+ f-' ( l401pJ cosp+ ~ (1-t.asf) p 7-1-
De tabel van At worrlt ve:rkregen door vervanging van"{' door~'l"' (vgl. 
{3.63h)). '.Dat geeft juist de gespiegelde van 1~.6~s). 
Door vergelijl<ing met ( 2. 6-:Sh) vinden we 11"' als functies van 11 11 (Hier-
• mee is dan dus ook het stelsel ('~.63d) ongelost voor krom.men door~/"!): 
• .. 
~-63t) 
De tabel van Ai (3.631) vmrdt, in verbo.nd met (3.63e): 
••63u) 
iZ \ 'h -; 
--- -♦----
f ~e + :l~ ( ,_!l«~P) ~ l•tO~() :Jr'ti(i ~) ll 11- !'O':i[J -·l1 p -+- (> I- 1-;;r: ... 
-------·---·-... -·----···-"" 
"' ___ .., __ 
,: '?J 1:~f -r9,f {1•JJp) 6t'ttf ... '?.r.'f (, .. t'.!!.f) ... ,,/ 1-t•tf:. + "1 p p ,, p 
.r ... ,1 #~ + ~ {1-ft!!!.e) "li f·f'(/16/) + it1f {1-3ti!.t) ~~2;r 
', p p , -;;r: f p 
,,i ,,,,i -I 
~(•-~r 
~~~)1 




Verva.nging van '?.,.. door .. '?ttt (d.i., spiegeling t ... o.v. de ~ .--o:M.diagon:-.i..t\_,J,i 
p~tnerAt. • . 
I 
- 3le 
A ,11 Voor l (3.63m) virden ~e; 
R'e "'Q( I 
3 i·~ 1 
--+------------------- - -------------------
f 1J!-;111 i( () -1... P ). 
_,, rn ,. J--ro,-
11. l f .l. l. 
----------l--------·----·-·--
3. 6Jv) 7~ 
--------+---·-,-\,,-. ----
Vervanging.van -t/rt.door -'?'n(d.i. spiegeling t.o.v. de hoofddiagonaGl) 
geeft weer R~ • 
! ~2 -
~-1!._!!!~~El~~~-.2!_~_}:E~~.~!.2!:!~!!~!l-S!:£~1L!~-!~~-t..,.~.2!-!h~---+K.:.-
\/ i I< In tn.e "m of the ;;; W8 have the following invariants~ 
inva~ti:iant functions of the fa K 
:;_L ;·R.riant subspaces 
invr4.:J'.'iant fields 
in"'rariant systems of partial d;ifferential. equa-
tions. 
1. Invariant functions 1 ) 
A function uti(~~\ is called i~v~riant2 ) if T ,-, I 
The infinitesimal transformations X'g are independent but they may be 
connected. If 9 f "( is the i-rank of dJ the function y> is a solution 
of a system of9 independent partial differential equations. 
Because of 
the system is complete (cf# II § 5}, it has 111-q independent solutions 
1 ,r,,. 'f 
tp-' . . . . f and every solution is a function of these ,tl - Ci, • 
~------------------
1) Lie-Engel I p.211 ff. 
2) Eisenhart uses the term absolute invariant .. 
32a -
Zijn 1.J-= ; y=1, .. q lineair onafhankelijke vectoren dan zijn de 
'..I 
oplossingen van het stcJ.Frnl 
4.2a) ·~ . . :s:' .,it. I d A ( {,,:-· (J. . ,I :;: Q 
~ ,. 
tevens oplossingen van Jo ( 1) lineaire vergelijkingen 
4.2b) 
Zijn deze vergelijldngen elk een .;evolg van {4.2a.) \l~n heet het stel-:-
sel (4.2a) volledig. Hct kan worden beweze.n dat }'}.et stelsel dan rn_,J 
onafhankelijke oplossingen heeft en dat iedere a,1ossing een functie 
van deze 'rt -q, is. Is het stelsel niet compleet dan voe::;t :.ten de on-
afhankelijke vergelijkingen uit (4.2b) aan (4.2a) toe en verkrijgt zo 
een nieuw stelsel dat weer op dezelfde manier behandeld wordt. Tenslotte 
krijgt men al tijd na een eindig aantal starrpen _of een volledig stelsel 
of een stelsel van n vergolijkingen dat alleen de triviale oplossing 
f = const bezit. Literatuur, zie b.v. Phaffs Problem Hfdst. III. In 
het geval dat (4.2a) een volledig systeem is bestaan er vergelijkingen 
van de vorm 
Het stelsel van tl't-9, 01,lossingen vormt r constant gesteld? de vergelij.-
king van een stelsel a-.::i " 1 -<t X, 15 en (4. 2a) brengt to·;:; ui tdrulr.:king 
- . . /'( dat de Eq, die door de vectoren ri.r wordt opgespann.en 11.et de plaatse-
lijke f'C[ samenval t. Bet Ei -ve1J is dus X,._ -vormencl. 2n de noodzake~ 




ion.a o cons 
ons 
4 .. 3) 
se t 
to (2.17) 
, in cons ( 4. 1) 
1,c ~) 
,!, e {: ::: o. 
:f 
4.5) d_ dt 
( I f..K) -- J,( , t; = _:__ t ( 
,-
The invariant X, 1s can also be derived easily f'roi,1 the 
equations (4,.3) of the According to (2.,17) rank 
f1f. N is q, and 1"1/3 has the rank ·t • the theor8m. of 
we knowt that from (4 .. 3) just 1J~<J_ inde9endent equations 
and 'J/<· can be derived from which 11.-1, of ii< (suitably 
be solved • 






Now we know that there 
and thus 11 - q equations 
st 11- 9,, invariant functions f ,,; er== 1, •, 11-i 
4., 7) 
and this set of equations be equivalent to ( 4. 6).. Hence if in 
(4.6) we give ]I<' constant values c11 ., •• e.11 it :f'ollov1s that 
and in this we have found for each choice of the C .i 
~!.E~E.1±!~-!~variant functions. 
1) P.P. p .. 42 {R,. S,. theorem } .. 
- 34 -
" 7nv•,..i"·•·'·!ll,,.,.~ su.bs·.-.p, .. qs 1) 
, ........ ~ .... ,.J..,J,.· .... l!,,.li,~f,,t } .., ... ;1.-..,,, .... 
____ .... _ .... _, ______ , ... .,..,._,. --e..- .. ,,,_.,.._ 
A set of' " ... "'.:1d•~,._),.:_i,.n,.,-•. ·1.'!'. -r,., ..... t, ,·q,s ~/ I s: i) i a .,_ -1/ w ...... a., ..... ,,,.,.~ / 1 ~ . 
if the equations 
is a cor:useq11er1ce 0f 
4.10) 
~is means 3ecmet1·j_,.,,.L:.:, ,;~, ... t the X'f, re1)resented. bv (4.10) is :i.nvaria.~ 
for all tra:asi.'or1.1r1.t:,.( .. :~..,.; uf the group. 'fo the one parr...:.,1etrical subgro'.1.1.., 
generated by et. xt~ ·•)C·L:' .. , ·_i;:'1 a slst:m. of o~,"l"HcurveG of xi'!) ' the stream-
lines of t:1.e vector i'L'.L,1 c =.t, ar:.d (4.9) ex::_}resst:S th,::.t t11e 
}(C'.J- is built u.:p 01 ;:1trea~1J.ines and t!:1at eve-=y streauline ~avin._., one 
point in CO!l1.'nOn' 'llith -~; :1c xq lies \'/holly in X,. 
The grcu;> inter.:::hu:.ges the point ~:;1 of the Xi ana ·,ve ~:i.e.y ask for the 
groul) of the trarisf or .. -c.t:i.0no of these })Oints. Let 
4. 11) 
Bk drf: ·'2) ~k = connecting quantity of ranl{ C: • 
I - t ("' -z. 
. 
be the para.metrical equations of the Xi nnd let ye ::: Ye ,} be - ' 
the infin~ tesii:.1al point transfor.tations in xi corresponding to Xe :::;...:,.1t<\J. 
~ · • Then V!e have on the Xi for a function frt ~1 = • 
=ffcpk{i11iij and for t'.1e subc;rou.p c;,.morated by el X(., 
4.,..12) 
but ct the other hand 
4 .. 13) 
honcc 
3? 
In general such an equation can-not exist because the k' -domain 
of ....::... t does not coinciae with the ).( -domain of t)r, But in our case the 
X'i is invariant and its tan6 ent E;_ ~s the support of both domains~ 
That implies that in t;.1is case the Yi:, can be solved from (4.14) .. 
The easiest way to do :t_his is to taJrnJ', •• .,, £<:t .(suitably-,chosen) 
as parameters on the )<ri • Th ,,n ./{ -c 1) . . 1, and consequently 
4.15) - Cf41 - tit --=- (, ,::; () J • .. ..::::__ ( := 0. 
That means that we get the y j b:-i dropping in ::::."g 'lp, all differentia-
tions with respect to Jq-1,> ..... f '71 • The group of point transforma-
tions in X1 found in this way, and called the group i.12.s!.1:?:.S.~2: in Jhas 
the· i infinitesimal transf or:m.ations Yt with 
4.16) C •. ({ y Ct . ~ 
but the Jt, p~-~ not ---~..'..Z inde;_ien~ent. "TaJ.rn for instance the case where the 
Xt:, are connected (/J ·'(fi..:} ><t = o • Then it i1iay occur that ~the 
'f .e,{JKj arB coris
1
ta~t /on, Xi,. Now supgos.e the induced group to be 
ti -parametrical "l <1-t • 
Then there must be "t.- 't I relations of the form 
4. 17) Ce, Y f< =. o ; b :::. 11 .. /l-t 1 f f. I 
with constants 
tions 
C! .t, • From this it results that there exist 'T- r1 rela-
? 
4. 18) ::: 0 
valid in all points of the X2 • But this implies that there exist 
"t~'l' independent infinitesimal transformation of the original grou}) 
leaving -~ve_r_y J?._~:)int of Xi invariant. Of course these transformation~ 
'form. an (1t-•r 1 )-paralil.etrical subgroup. Hence: 
The g_rou,IJ_ induced in an _invaria_p~ Xj is 't 1 ::P.~~tr.._t~~=b_if . 
and O:fl;.1;y__=!-f ,. there_ exists an ('1- 't ')-par~etrical ...2._1:J:_~€;E0~:2..t •. 1-~~-~.:yi_!±-li__ ea_c~tl 
.E.£~·-P·t _ _2.f X,i indi vid~_±_y_i.!t:C~~ant. 
Any point J K is transformed into the :points 
4 .. 19) 
36 
depending on tt param0tcrs ~ °' . If '-l1 
su.lta from. the "theortNi of eli,Tiinaticn ,) 
:1,~ the ran); of 'h ! If' it re-
that t1,ert3 a.xi st just ,n~ j indo-
pendent fiuationt:i l,wh,·cu1 the Jilf.., These equation~ r0)resent a.11. )(1, 
thr0U6h ri , call€(~ tb,1; .~Yf,~ll.1:~s.! .:l-~£..tfi..~J...!!.U:.£S,2_a2_~---°-f ,tr . Obviouslr 
th'is Xz is smallN·'G i:1'i,:.r1ant sttb:n.,ace of everyone of tts points. !n 
all the;e pointn t!t(, ra:1k1;;1 of ~fo,~ ff and _:::: 1 are equal to (l ~ Hence, 
in order to find all in.variant subspaces cf a group we ,ave only to 
construct all points wht~r8 = ~ hes a rank 1, for all valuc~:i 9 t '( . 
For each value \'WC find t~ither an invariant X~ or a subspace co:nsi.:Jtin;:; 
of invariant x<t 's 2 ). 
-W A group is calL::d transitive if the rank of ..=. t is th j_n all 
points of an ~J7_ ( € i.,-) • If,_t};1;-;-;up is transitive t to f)Vory set of 
-;,.' 
two :rioints P and 61 in a sufficiently small 'Q 1[ (f 1<) there (;ixists at 
lea.st one transf or.iaa ti.on of th,:: ;.:roup transf or,1int, Pinto (S) • For a 
.... 
transitive group 11 11'> • 11:he ,_:;rou1) is calltJ d !3.?:El~.:~ .• t.r_ap_~~-ti_v.;~ __ it:_ __ ~..: .. 1.1_._ 
l~--~E:V ~r i_:2,_ n;.~--~o _r~ t]".ays.r.. 1 ~n_t__.Y., ~ c t:.9Ff. i_ ,}A_s_~_ . 
A contra.variant vcccor/ield can be looked u1,on as an infinitesi-! 1< <;k ,_,~ • mal transformation ----;" 1.:, ·r " dt • Hencl; invariance of infini t(:sL1al 
r 
transfor.,mtions is essent.ially the same problem .. Now we ,•c.y ask for 
a. invarionc8 to within an arbitrary factor; 
b. invariance to within a constant factor; 
c. complete invariance. 
If AK is subjected to tho infinitesi.r.llal transfor.dation )(.:;;: 
t,, -IV ":I ::: e :::...1s, <~,u, of tho .;roup 1 ,ve k:no~1 already that the increase of the fif-ld 
is the negative Li1.:: differential of Ai< with respect to el, :::,_t 
4. 20) 
If 'A'<iionsidoJ."ed as an infini t1:::sina1 tr .. uwfori;;,;,.tion its symbol 
is f'-t chi H)l--. ) . I\ = 1-., 1:}t and ( 4. 20 can be wr1 tt 0n in the form 
4 .. 21) 
f""( '"' Instead of one vectorfield ;.,., we ta2{e now a sot of p vec·torfields 
~ ~ ; y :r i ... p and consider the cases whore tho Chy X) dcpand linear-
ly on the ~x .. 
_____ ..... .y ____ ._._ __ ...,. 
1) P .. P. p .. 42 f R .. S .. theorem. VII} 
2) Lie-Engel 1888.1 I p.228, 237. 
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1) Case a ( invariant complete syst1Jas) • 
4.22) 
This equation expresses that the £p -fie:l;.d spanned by the p vectors r,_; 
is invariant Q In the special case where the equations tt.; ~ Cf~ o form 
r... , rn-p X , 
~ ·it ,'' I; 
a complete system the c::p s form a set of C4 p S • In this case · 
there exist equations of the form. 
4.23) 
and the equations of the X1::) 1s are o btainc d by equalizing the solutions 
of Ay '/"'c}. to constants. Now according to (4.22) 
4.24) 
and this :proves that f = X f is a solution of X::;f -=:-o if f-;: 'f is a 
solution. Every solution of the complete system. is a function of 
111-p independent solutions, hence X transforms the set of all solutions 
in itself. This proves once more that the set of all c,0-ri-p X;--/s( but not 
every Yp individually!) is invariant for X . 
If a group has an invariant cmn:;:Jloto system ( that is an inva-
riant set of 00"1-P Xp 1s ) it is called im_primi ~ive and in the other case 
_E~imitive. If a grou-p has an invariant Xp. it can not be transitive, 
but an imprimitive group may be transitive. 
Now we will prove that a complete system which is invariant for 
every infinitesimal transformation e !., Xg of a group, is also inva-
riant for all finite transf or1,1ations of the group. If ~ 1 ( f k) ; 
01 = I, .... 11-p. are rn-p independent solutions of 7...~f=o ', 'X transforms 
the set of all solutions in itself and accordingly there exists an 
equation of the form 
4.25) x; 
Hence from (4.5) we get 
.d 0-((iPI 
4,.26) g__ $(1fk) · "°'-1'71<('fA\ <f' C: J-:::. 
dt f ? =::. ...., - t 3 J () JI!-
_______________ r :p. 220 rK . 
;n -
and froni this equation the '£ ( f') can b,.: solved aa functions of the 
:F.( ~ k ) and a parameter t .r This ex ,rc:c;.sion do1,;s not contain thn 1. ~ fh 
Jk explicitly but only in the form f Ir~ t<} and this 11rove.s tho pro-
position .. 
There tixistr:i ,.1 kind of practic:<l rL.tl8 that 11 evcryth:lngi: invar1.:::..:·i 
for the infini tesirr-:1:1 tl·-~n:~"i.'or::a.~1.tion~: of a 6".roup is nlso invariant for 
all finite trrrnofor~ndt:i:Jn of t:1c group lwrn1. In an 11 intuitiv,: 1• (= net 
rigorous) way thi:::; i:.: qu1t,::i cle;.ir, '--'Vf::ry fin:ito transfor);iati.on being 
obtainable by applying an infini teaim.al transformation an "inf 1.ni te ntun.b\:-l'•· 
of times". 1rhe rigoroi.rn proof always .::{Oi.;!S th(i ss.rnt~ way c.LS W::: have aeon 
now in two examples. Du t the prilcticnl rul •:: htU3 only SOlliC hr>uristic 
value and the rigor01.1:;~ :proof mu,t3t bt:i ;,.;i vcn in l. vGry a pee ial ease. 
Case b 1) 
4.27) 
For p::\ not only thi::: stream lines of ""-Kare invariant but the 
whole field it< cm only get a cc11sta.n't factor. If on each streamline a 
. . i~k HK parameter S is fixed by t:1e equation "s fcis.: I\.. , the par::1.1:teter on 
any streamline i o fix...:. d to ·1;-i thin an addi ti\'<:.. constnnt 
For general valu0s off every \ rF.i:)resents an infini-tesiL11'i1 
transforuation gen~ratin.g a one-para.metrical group. But in ;;ent.;!:ral the 
7-, together do not generate a group. The transfor~iatione s/;{J with 
£_<?nstant_ coefficilmts Sj generate· each a onc?-parauetrical rirou::_J. These: 
transformations together are snid to for111 u linear ser { t3chaar) of in-
finitesimal transformati;·ms. Lie2 ) has _.1rciVetl t:1at thi:-~ linco.r set 
always gcn£rat~s cofl tra.nsfor1/'1ations. In the t:p0c.ia1 cr,rnc ~:1£,t't the 
~J though not building a grcu~•;> arc transforjnutions of one n.nd the 
same group this is obvious because in the S!lacc of this grou_p every 
onc-parametrical group is ruprc.:sentc.·d by a geodesic tr.,xougll rt;rx and 
these goo de sics form a.n Xp in an 'J7/i/',(J • 0 
If the infinitesimal transfor:..!ations s~ ,Z~ are subjected to the 
infini tesi.mal transformation 'x we have from ( 4 • .::.1) 
4 .. 28) 
Here the 5'J were considered.as constants and the x_; were tra.nsforrncd. 
, ________ ,..,.. _____ _ 
1) Lie-Engel 1888.1 I p.246 ff. 
2) Lie-Engel 1888.1 I p.62. 
lllt wo can interpret 1J the rcsul t in :1.nothcr way by loolrint~ upon the 
t'J...j as a kind of fixt·d r.1e.11:rt.1r1ng vectorc and co:rund€·ring t~:e S,~ as 
variabli:: compcn\,;nti:.1 of tl1,1 Vfa.!' ·: i.'1. blc vector 5'J X; . 'l1rw:·1 W(; get 
4.29) 
Now we consid1:r th1· 0n-.:-pm:·am,: .. tric,.l ,srou._, ;!';E.·ucrat12:d by t~.r. infinit0-
v P -A, \ a 
simal trancf o:r1111tion "::: P;:; ::::.:1- ,~ for S1.><H:: :fixei:: values ~)f the e<J. 
Then the tranr.iformatjori of the f* is given by (2.:)1) nnd uny field 
/'jl I< ' · th t ,u/(, 1r) ·•· t' · t f ·1 · t 1/ neving c comp2,:wn·B ·..- rn,,s,_ • tor ::: o is r::m:;.or1nec in o 
a fiold 1.1 l<(t t Vl dt:.-icndintt or: t . Lvt c:. ~ :Z.~ bl: ::n.:ch a :fi,·ld :for a 
'> ) " .,J ~ :.J 
definite vn.lur: of i. If1.. chnn,).:S into -t.,_"'f; n.nd it' t':,t %j nr\.: con-
sideroolas measurinc; v0ctors, d5X is given by (,+.29) n.rid t21ii.1 le.eds 
to the differ0ntial equation 
4.30) 
with the solution 
4.31) 
fro:qi which it is r.:vidt,nt tl1.:.tt the li.nt2ar sc:t of inf in::. tl,simal tr:1ns-
for:mations is invnrictnt :for e.11 finj:ti:· tr·,.,nsf:.,r,,ations oi' tJ:c: grou}l gc'.rL1. 
A fini tc trc.nsfor .:r:;.tion of th,~ onv-:p11ra.I11..:::tric;.:J. cro1:.:1 G'.:!lQrated 
by .s9fo\ %3 has th,; f'or1£1. 
4 .. 32) 
with some parameter U • Now if n finite transfcri,mtion of thi.~ group g,':!-
ncratcd by X is applied, the ·transform.ction (4. 32) i~ tranfor.·m..:::6 
into 
and this is a finite tranaf ormat ion of the grour) ger1er:.:i. tea. by s-lt) Zr 
Hence the one-para.metrical groups gcnHratec1 by s'J; for e.11 ditfor9~t:; 
values of the sY are interchangod by thG transf'ormationE: of the given 
group. That proves that (4.27) is the necessary and sufficient condi-
-..--------------........ . ................ ,.... .... ---... ,,__ .. ----. ..... ..__ _____ -.,....;,.. ... ,..., ... ,..,. __ 
tion for., the ifL!.£F2:~<?2._,.of _":tJ?:i:: •. -~-~~ear se!_ f;'J'ly .f.2! ___ §:l~_..:F..:r:?J:J}_t:~:f or.f!_c?:jq_i_Q_J.~-
_of th0 j£'.O~:PL~~J-so for_ __ ~Jle .J.~_y_~j.J~;I_l.£~_of ~-=~~- set of alJ:_E..i2E?..-:.Rc':1:~:.~.?-.5? ..::. 
trical __ g,E.9}~J2.~.J3eE_e..E.1?.-t0d. by ~v A_y for difft~q_:~ __ .Y_al1'.1:.~~~~oftJ19. 5Y. 
If the '~ generate a group (4. 27) is the necessary and suff'icic.n:i.:: 
condition f' or this grr-u:p to be an invariant 1?.:-i~&I:'..£1:!J2.!. 
As a corollary we get that a iinear set gi:::neratos a group if 
and only if it is invariant for allt.lff'ts own infinitBsi;ml transforma-
tions. 
Case c. ( com.r11utative trnnsforrn;;.tions). 
--~ .... --- -------·" ---·· ..... ~-·-- ------- .. ~ .... ~-.-..-.... -....... --•--
4.34) 
The infinitesimal transf ormati.on r;,1 and 'lvi are cor.m:m.2.tati ve 
4.35) 
How we consider two finite transformations of the one-~parai,.(jtric,;;.l groups 
generated by '.Z,, and by r:.?-1 and apply these one after tho o·cJ:wr 
S?hen 
with 
~k fl> ;.. 
+ · ........ ·, .. 
we see that also tb,e finite transformations are col.'.illimtativc: 
T~ f=i:!li to __ traEJ!£~fu~~j,,~ri~_ Jle11e.:r&t_ed. 1?x _ ~ 1 .§£.~ C(2!~Y£t_~-~~_vrc; 
. the fi:q_i_te ~~sfor111ati~n~~~c9i,~r.~_t_e_d __ .-1?Jl t/,,,l i:,s_ -~-l'L_d:._.,.9}}~~.Y.;. _ _:L..;:_f. (%/J,,,_ ):::.i:. 
. ·• -~. ' ' ' ' 
~gt~~~§tg~it.iB.Fi · 
tnvariante functies. 
De operatoren i)<1.., X'!.. ( 2,. 63j) zijn o~afhankeli;j ~. 
niet onverbonien (pag. 13); er geldt nl. de betrekking 
{ 45a.) 
Invaria.nte fu.nctiea worden dus gevonden door oplossing van het stelsel 
• 
• 
x-\ i.r =- g,, '?!3 f - JJ ~ <P =- 0 
x,. r =- t3 J1 tj - i1~ f =- 0 
A.lle oploeaingne zijn tunotiee van een niet-trivisle oplossing (pa.g. 
32a}. Meetk'Ulldig is reeds duideli;jk dat 
{4.35c) 
• 
een oploasi.ng is - hetgeen beveeti1d. wordt bij substitptie in (4.,35o). 
De &evariante onderru.imtea zijni 
Relatief' invariaote ond.erruimten (pag. 34) zijn er niet~ behalve 
de invaria.nte bollen (4.35d), immers .d.Q ff1k punt van~ vullen de 
stroomlijnen een 2•r1chting en die raakt precies de bol door dat punt. 
. De op de eenheidsbpl geinduceerde groep wordt a.ls volgt bep.aa.ld: 
we nemen col:rdinaten ~I ( (:::: -\, 1'.}: 
S 7 :::::. si-n ;1•). c~s 1.; 1 
(4.35e} si = .:: <ts. :J "'-










terwijl =-t wordta 
'·t'Z I 1 ~ J 
~- 0 -~t•n ~1 oin 'j,_ co~ ::1 "-
(4.,35g} 
'\.. 'l> t -n 'j"' ~( 11 ~ 'J... 0 '.'1 'l _ tos, j f:>{'11 'l ' 
~ -~os l.j'l._ c:.05, '1 "'I. svn :11. 0 
·-
zodat ~: tenslotte de gedaante krijgtl 
X "' 'h 




- -1 tm ~ 1 c.o--l: 'j 'l. c.o s :, 1 
DUSI 
De operatoren 'Jt zijn-, evenals de )(~ , wel o,nafhanke·lijk, niet onver-
bondeni 
Dit was' te verw~thten d~r de rotaties in "R3 in (l~l) <verwantschap eta.all 
me~ de bewegingen op de bol. Er is dan ook geen niet-triviale ondergroep 
die de bol punt voor punt invariant laet. (vgl~ p. 35 onderaan). 
Invariante oo.rrtravaria.nte · vectorvelden. ' 
a) Invar!a.ntie 21?. !S :factor m!• H~t veld 
waarbij 'f> geen oplossing <van (4.35bl, is invariant op een nie:t:rion-
'av~te fa.otor .ne1 
- 400 ... 
invariante onderruimten vonden uit 
f moet du.a een homogene tu.not 
functie van de twee oploasinge.o 
van graad nul zijn, du.a ia y.i aen 
en !3/J': 
De reohten door de ooraprong zijn dus invariant bij i .. 
b) Invariantie 21?. ~ oonstante factor E!!:• De velden e,,., ek, e tt met 
1 l J de operatoren '1... 1 {xx 1, t . .3 ) : 
(4.35o} 
{toevallig een groep) zijn ijvariant op een oonatante factor na1 
waar 
k .J K··1 
-11._ ::::. ' ~ \ -
(4.35q) 
.. 
Door de traneformntie .e-' X,e ea.at dus s>r. •7...~ over in ($/'-rdS)t) l,. met 
f&/.35r) ~J .$X $ y v '. X e f !'.{'t Q ' .::::. "ye. 
due 
(4.J5a) 
De eindige tx-a.naforma.ties sijn, ala we k(' sohrijven voor de matrl.: V'~'.,tt 
K ·· X • 
':JC. 
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D ............ -... , v•;.X. ),tl! .... A (2· 6'.l l) .acl.lt• mo.,. H,... I"\ 'J'6 ;:--O'Jt;t '--c, f • ;;) • . $ 0"' U • 
l'" 




Op de S)( {infiniteeimale transla.ties} worden du.s dezelfde tranafor-
mat.ies uitegvoerd als op de rr{ van een element der rotatiegroep btj 
toepessing van de transformatie van de geadjungeerde groep behorende 
bij f.e~ (pag. 28 bovenaan). 
Daa.r bij toepassing van het element van de geadjungeerde groep beho-
ot U'l itt (JC Vi Cl 
rende bij f't/ · : v• t..!'tt de geodetieohe lijn door i'fl ::::. o en ~1 ::::.a ;ie op 
zijD plaats blijft vinden we hier ala corollariunn 
Bij de rotatie e~x~ is de rechte langa de vector 
de rotatie•M. 
Door ale a.peoiaal geval ta nemen e~o, -af/i=..o ,e\1, en si':::1,5.t= o, s1::.::o 
en te letten op (4.)5v) en (3.63s) vindt men gema.k.kelijk: 
• 
(4.35x) t'!,l :; A~ .:::. R1 :;:: $~e 11,;s::: si:"' t 
.. 
11.'!.3 __ ni "1 
;;;, 1"1-j -. 11) :::- 0 
du.s de rotatieboek is t . Samenvattend vinden we due: 
De ooijrdinaten "ll'l van ee.c eindige rotat 1n ~ z1jn numeriek 
gelijk a.an de kentallen van de veotor ,.,~ in 'R~ waarbij de rechte 
langa tt.r11tde rota.tie-as is, en de lengte van "ltxde rotatie-hoek. 
o) Voltedige :tnvariantiA~ Men neme nu voor if(t11:c ( 4. 3 een oplos-
sing van ( 4.35b), b.v. tp(f)::.1. Dan is dus: , 
de operator; bij stelt voor een in!initesiinal.e gelij 
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i~.t-!a!!!LB!!i!~:L!_SEBE:R-!!!-F-2!:¼JL!I?!.2!2~ 
In§ 3 we have aeen that the differential oaitants of group epace are 
the ordinary com.1 tants of c ifa « and that accordingly all these 00111-
tants have constant components with respect to the anholomonic syat&ma 
(a) en (A) .. The infini tesiriml transformation of the linear adjoint 
group corresponding to the transfor:m.a.tion s'Xt ( s1 = constant) of the 
group ia 
5 .. 1) 
e(l represents here the radius vect!br in the local E:, of ttf . HP.nee 
( 5., 1) represents a homogeneous linear vector transformation in this F.~: 
An exampl.e of a finite transformation of the linear adjoint group is 
the transformation of the~« into the gw in a local E~of a point of 
group s,ace. Now the invariance of a quantity for a linear homogeneous 
vector transformation is the same as the invariance of its components 
for the corresponding coordinate trans:formation, In § 3 we haV'1'l o.J-
ready seen that the components c~~ a are invariant for a coordinate 
transformation belonging to the linear adjoint group. Hence it ie ~1-
ready sure that the qua.nti ty c~, A. is invariant for vector trans-
fon:iations belonging to th:bs group. This can be checked as follows. Let 
$~ a stand for .. sec~ i a._ i'hen 
5.2) 
is the transformation of contra- and covariant vector by (5.1). Hence 
the trans:form.ati on of c,g O is given by ( o:f • ( 1 .. )Ob)) 
=- o. 
Now ca/' being a comitant of the linear adjoint group and the adjoint 
group itself being fixed by c;, n , it follows that the comitants of 
c.c.·h <1 and the c.omitants of' the adjoint group are the same. Hence 
1) Lie Engel 1888,. 1, I p .. 270 ff. 
42 ._ 
The different~al 2omi tants of _group s_:eace are .. the comi tants 
of the lip.ear __ adjoin:!tgro~. 
There is a set of comitants of c;iq that are very important 




They are all invariant for cyclical permutations of the indices. 
Hence 'Jba is a tensor. 
If a fomitant of Cd~ is transvected by one or more factors 
e~ and if the expression is equated to zero we get an equation that is 
invariant for the linear adjoint group as was proved by Cartan. "7e prove 
this here for the transvection P~.0 ecp_rl, 
d {r,i:..b c: <ii r•ct'"Y'\eb ,.,c,.,,,cl_ s·ti']:;la:e E:c.,,c/-i. 
-- r- .. ed. e e ) = - :::.,e ,.,_. cd "' "" e .. cc!. . "" 
a+. 
5,. 5) 
( 1c ·l\riJ ,... .( r:7't) pel ct:( 
=: - . ;;)t' Nr -1, :::,.I f-1 (;! • . c..c( (? e . 
This property can be used to form invariant equations from the set (5.4) 
by transvecting with factors eq. If only one factor occurs and if the 
equations are consistent, they represent a flat subspace of F~ through 
the origin and are invariant for the linear adjoint group. 
To every point e~ in the local E~ of~« corresponds the point 
of grou:p space with ·the normal coordinates 11-'f::; J-.'; e(l • Because 
the ea. and the 't/."t. trans:f orm. in the sar.t1e way, to an £,, in the E,..l 
through the origin corresponds an X~ in group space consisting o~ 
o0P-7 geodesics, each r~presenting a one-para.metrical subgroup. In 
normal coordinates this Xp is given by ~-p homogeneous linear equa-
tions. Let the normal coordinates be chosen in such a way that these 
equations are 
5 .. 6) 
and that the 
the ~? • 
/re Ir'/ -::: {.) 
I . 
' J 
-t;-1,, 1 ; 1,,J,t,, .,;,;,,, 1J ::: 1.J .. p can be used as coQr_dinates il1, 
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An Xp is geodesic in ~ (of. IV.~ •• ) 11' a.nd only if every 
vector of Xp remaines in X,_. if it is d.iaplaoed pseudoparallel along 
Xp • Let •" be the vector and let "'" be the dieplace.ment,. ~en 
ir·"-=-, and ",~~ o • Por the paeudoparallel displacement we have: 
5.7) ..I, - -; ,.,* = 1 ~ .. P· 
and r111 "I au.st be zerQ. Hence 
5.8) 
in every point of Ip and this oondi tion is necessary and su.f'ficient. 
That implies that according to the expansion (3.57) 
ia a necesss..z condition. But this equation expresses that ;144,~ -iJ~i'R ~ 
is alternating inp-u-and because the same expression is also alternating 
in4V~, it is alternating in-"H+'fOW• Hence (cf. (1.30b)) (~.9) is 
equivalent to 
5.10) 
Now we will prove 
Every term of the 
and an odd number 






that (5.10) is not only necessary but also sufficient. 
expansion (3.57) (cf. (3.55)) oontains one factor t0 
of factors P, for instance 'P'- Cr 'P3 • If this term 
get for its contribution to ~: 
v '"Ir · · ..-fl 
,.. Ill C. VI' l't ; 
.., tr s- • 
Bow it foll~s from. (5.10) that /J,. can be w:r1tt$n inri"d ot'. ~ 1: 
'b)" t.h• ._ argwnent A oan be wri ttan ilurteM\,· ot "'1 .. -~~ 
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results from (5.8) that the whole expression (5.11) ie zero beoauee 
the last :factor is .. The reasoning is independent of the odd nw:,ber of 
factors P and o:r ·the place of l~·" in the product. Hence ( 5. 9) he.a as a 
consequence that not only t!1e first ter.i!l in the expansion ot:1:~viui:i.1Jh<H~ 
~ 
but also all other terms. 
The cp in ,.,_ corresponding to the Xp ( 5. 6) is spanned by vec-.~ 
tors f;..°' ., Hence the one-para:metrical subgroups (geodesics) conatitutir .: 
the Xp are generated by the linear set of infini tesima.l tra.nsfon.e. tior1.::; 
X ,I;,/ -., '\ ( V ( , , \I ) ~ ::.- .t. 'ix • 'Jri ting out the expression "'-1'- )(m, "I' we get 
5 .. 12) 
Hence ( 5. 10) is the necessar) and sufficiont condition that ( XH { f,u, lfJj) 
depends only on ) 1 J • • . Yp 1 • 
It may happen that already ( ~ .,.., X~, ) depends only on ,<;-, .. 'X"f, 
tTecessary and sufficient condition is that c. .1.,·.;,,, ~:::: ,,. That ;:10a.ns that 
"'1r ·!If. 
the XI> represents a subgroup with the structural constants C..J!J·-,, , , 
Of course the Xp remains geodesic but in this ST1ecial case it has another 
remarkable geometric property. If the vector ,;, M /l., .,f-:: o is displaced 





5.14) .I -'I.. +, ' ' . Al p ,f(,t ~ 'V- :::: - '/1, cf -141 d ~ ·11" 
Now we use the exiansion (3.58) (cf .. (3 .. 55)) 
5.15) 
and rera.a.rk • that all terr,1a contain one factor C~ and an ~ m.unb~r 
of factors 'P, for instance PC<' 'P • 
If this term is written out its contribution to is 
5 .. 16) 
1) Cartan 1927 •·•~ p., 72 ff. 
• 
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Be.cause of f .p-i "'t' =- a , instead of ot.1 we can write J:), and by the same 
argument -;'Pz instead of 011. and R instead of o~ • Then we see that the 
last factor is zero and therefore the whole expression. The reasoning 
is inde:pendent of the ( even) number of factors ~ and of' the ::-;lace o:c 
the factor C~ • Hence ~ X,> re__presents. a subg_;:oup if and onl.,y 1:±: it i~ 
not. onl.,y_ g_eo_desicj that is (o)-;earallel i!!_ itself but ~ t+}-_F_~rallel 
and <-}- ;e_araJlel ~ • 
I~ the vectors ~~ are subjected to the infinitesimal trans-




Hence ~ p·~ 'tf..-:. c is the necessary and sufficient condition that ~he 
Ef spanned by the ! A. is invariant for those transformations of the 
linear adjoint group that correspond to the infinitesimal transforma-
tions of the linear set belonging to the Ep itself. 
It may happen that not only ( X.11,. Xt11,..,) but also ( X·b X,1-11,- 9 
depends only on K1 ., ... -> Xf> • That means that the Eei~ invariant for 
all infinitesimal transformations of the linear adjoint group. But in 
§ 4 (case b) we have seen that this means.also that X1, •· Xp generate 
an invariant subgroup. In this case the Xpof the subgroup has another 
remarkable property .. In X1l we form. a (+) _ c~nstant field 1!""'- :.· ,,. Al;:; o 
Then the components '11 Ct. are constants and <-,- 'li~""" Now. we have 
5.18) 
::: C ' • Ot. ,.,,. id ~ (tJ ·v '17 
hence 
5.19) 
and accordingly the ~-direction of the Xp is not only (-)- constant for 
displacements in the Xp but for all displacements. In the sarue way l. t 
can be proved that it is (,;-·J ~ constant. 
·1) Cartan - Scho\l.ten 1926 
p. 397. 
T"l"T Verslag Kon.Ak.v. 7/et. 35 (1~126) 387-39:; 
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A (-)-displacement is also a dragging along a. (-+)- constant field (cf. 
exercise on :p. 4 bottom.), and holomity is invariant for the process of 
dragging along1 hence the l:p -field dragged along generates CXJ 't:·f:. .Xp 1s 
That proves that an l,p .!!! Xy_ .through -~IC( .r_e,:presents an . inv~ 
riant ., SU;_bgrou]?. iJ. and onlz if i-t is gcode~ic_ an_q (+ )- ;e_arallel anq 
l-) - .12.ar~llel_ i,n i tse~J and if e:!er.x Xr that is (-4)- _E~rallef tg ~t i.~ 
also (-) - ,:parallel. 
This property is clear. from the l)Oint of view of group theory: 
-; \ 
The Xp 1s parallel to the one through ,7:x. are the co-sets (Nebenklassen) '' 
of the invariant subgrou:p corresponding to the Xf' through :l'".:t. ,. This is 
clear because e.g. a {+)-parallel displacement is a dragging along a 
0) constant field (p. 4 bottom) and that is an element of the second 
parar.Qeter group (p. 4 middle). 
Every set of equations linear homogeneous in en f ormod by ra.ean:::, 
of comi tants of c(:e a represents a flat manifold in l?ri. invariant for al".: .. 
infinitesimal transformations of the linear adjoint groul) .. Hence this 
manifold and the corresponding manifold in X,1 represent an invariant 
subgroup. The following invariant subgroups are important 
a. The gr OU,1?_ of ~~ 
5.20) 
If" ~ e ;{:: o this group is ( !'"(_- I )-pa~ametric 
b .. The centre 
5.21) L C . . I\ e c(, :::: o 
This is the group of all exceptional transformations (cf. § 4.). The 
centre is abelian and vanishes if the linear adjoint group is.~-parame-
trical. 
c. The first deriv:ed g;;:_o,:u_p represented by the support of the 
a-domain of C~g 0'". If q,, is the et-rank of c.~f\. its equation is 
5.22) .. C .. "·q ~ t.l) c"' b,, 
Its inf'initesimal transformations are those transformations of the 
group that can be written as Lie brackets. It has the pro~erty that it 
is generative by the commutators of the inf"ini tesimal elements of t""i.e 
grou:p: be T and U. two such elements and .e. f.,Xt and /{, X t, their opera to:::·-:\ 
then t O -1 I ! T - t 11 - I th d th t ( I (. IX X I u [ > v4.. vt ere correspon 13 e opera or E: , . ( c -t,J:::. -e. f ::c:.":.; · Xr,_ 
-----~-~---------~ 
l) B.L.v.d.Waerden, Moderne Algebra I 1930 1 p. 32 ff. 
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This group is contained in the group of 1l . In fact 
It m.ay happen that a group and its first derived group are identic\al. 
From the definition it follows that the first derived group of a sub-· 
group is a subgroup of the first derived group of the group i tse:i . .-t p Let 
X-\ 3 ••• x"",,.... be the transformations of an .invariant subgroup. Then ( \,, Yp} 
( p: "', .. r\"'") belongs to this subgroup and ( X p X,d ; p,, 1 .,,. ).,_ > - •• ,"fv>. belo:1:1c r: 
to its first derived group. Hence, in the identity 
5.24) 
the last two terms belong to the first derived. group of the subgroup 
and this proves that the first derived group o:f an invariant subgrcr1.,:.p 
is an invariant subgroup of the group. The following propositions are 
obvious. 
The first derived grou__p_ of a sup~OUJ? is a S½bgro_u.J?_-9J._j;Ji~ 
first de~ived _g_rou£ of the g~oll._£. 
The first derived g:;:ou_p of an invariant subgrou_p_ is aJL i~v~ 
riant su_Mrou,I?.. 
The first derived group of the :first derived group is called 
the second derived group, etc.: All derived groups are invariant sub-
groups of the group under consideration. 
d. The _g_rou_p of ?} &(>._ • 
5.25) 
is (It-Cl}- parametrical if CJ, is the rank of <j ta. and vanishes if fl &t>. 
has rank "l • 
e. The ~U,E, of Cr.:: e, c( ~ cfo. _ 
5.26) 
Obviously this group contains the group of 31,~ • c.,,.~ is always a 
trivector. In fact 





because flt.IA. is invariant for cyclical 1:rermu.tij~9n,s: 
5.28) 
~-2~-~~gR~E~~~~-2!_~~~~!£~~1~-~~~E~~-
If we form the derived groups of a given group it mE•.y hc1::1pe1: 
that the provess stops because the derived group of the th de.rj_-ved 
group is identical with this latter group. If this is n0-·: the case the 
last derived group is zero and the last but one is abelian. In this 
special case the group is said to be integrable, Every abelian gror~1J 
is integrable and so is every two-parametrical group. In fact, if (X1 X., ),.,,. 
-=- « X-, +-f X'l , we have ( X, l o1. X'\ +f X,J \ ·=-f (.'X. X1 +fa Xj ; ( X,i.(rx X\-+ /"Xi))=- I';{ (o1. X-i +,f-· x:~ ... 
We prove the proposition: 
An '1.-l?_ar,ametric firO@ Of11 ~ integ1:able if and_QP._!y_ if.it i.:."l _ 
possible .ts> f~nd a. seg__uence of~ OJ 1 1 _ • . OJti-, ) (1 "!. ~uch .Ell':'.!. 
u7p is p-_param~trical _ and ~!l invar=!,ant. subgrou__P. o:t {;;1:i-1, j p::.: "I, , . t'1. ~ i'. 
Let o/1. be integrable and its 9-th derived group t/lCJ) -oe 
$.-parametrical. Then every transformation of q;<1· 1J not belonging to 
f{! rcr) determines with qf fr/) an {.s HJ-parametrical group, c;,nd this g:c·ou:p 
though not necessarily an invariant subgroup of cg~ is always an inva-
riant subg£o_u;:e o:f (.~(q-,J. 
Ppoof_ •• Be)(,> .. x~ the operators of OJ(ff) and xi~-· X f. those of OJUJ-') (s<f) 
then' because 0/lf,.) is the derived group of cgc,-,)_. c.c.·ell..=-CJ foy c._)-t=-\-.t, 
Hence: · t'l ~ ~+-'\, .. + 
1. the (s-1-1}-para.metrical set generated by X--\ , .. X~...., is a 
group. 
2. this group is an invariant subgroup of OJ <q-,} • 
A transformation of ~t~-,Jnot beJ.onging to the (~+1) -paraT.uetrical group 
determines with t:b.is latter group an ( 5-11.) parametrical invariant sub-
grou,.R of qilt·'}containing the ( s-1-,)- parametrical group as an invariant 
sup$!oup. Proceeding in this way for all values o:f q, we get at last 
a sequence of grou:ps OJ-n .... _ OJtt such that always 0-J? is an inva-
riant subgroup of o/ptt and that o/P is an invariant subgroup of tf/p+1 
if no derived groups oc.cur between qJp and [1,JHI· 
Conversely let there be a seque1J,ce qj1 " :. ('7,l , such that 
OJ p is always an invariant subgroup of OJp+I •. If l X ·\ ) .. X p are the 
operators {)Jp and X-\ 1 ••. Xt-+J those r1f OJ p+! , then, because lY f 
is a group; C.c-e \':)~\ -=~ /at- cl&-=:"'···? and because OJ r is invariant in 
O-Jp-1,: c?.;\_g'f'+\ :::.o for )_,.,-:;::. I\. ··'r t i.e. r.~,t~~\ =u for c,6:::- .i.., •. ,,4--1 
(either c.. or t must be ( p+\ ! ) which espresses that the derived gro1.::.p 
of OJ r4 l is contained in OJ f , hence the first der:i ·-ed subg!'ol.:i.p 
of fhrt is a subgroup of 01ft-l , the second is a sub~oup cf Cjq_ ,, er-:.,: 
--d --q ,, -
so on. Hence it can never ocour that one of the derivatives is j_i:;s ow11 
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derivative and·the group mu.st be integrable. 
If the mquence q;, 1 ••• q; "t is known the system (a.) can be 
chosen in such a way that X"i. belongs to Pj1 and X.i. to OJ').. etc .. Then 
we have for the integrable group 
6. 1) 
and accordingly 
+)o; )J:·-")•··1·1. .. \, 
6.2) 
It is remarkable that the centre, the group of ~f-,, and the group o:5": 
t c-:·..c ~ 1 c-1 c,.. of any group are always integrable 1). The proof of ·i;besc, 
propqsitions is rather long and makes use of the theory of 8lemen-tars 
di visors applied to the D.atrix e cc~ l <A • So we can not bT.ing this 
proof h~re though we need in the following the integrabili t:r of thi: 
group of ~ lo. .. 
~-1~-~~~E1~-~~~-~~~~~~~E!~-~2~R~~ 
A group is called siEJ-J)le if it does not contain any i~variant 
subgroup. It is called semi--sim_ple if it does not contain any integra.ble 
invariant subgroup. Hence a simple group is also semi-simple. As the 
group of ~i~ is an inte,.grable invariant subgroup it follows that for a 
semi-simple group 1 ,t(),_ has rank tt • But this condition is not only 
necessary but also sufficient.; '\7e prove that the rank of 1,l,a.. is always 
<1-t if the group contains an integrable invariant subgroup. If such 
a subgroup exists 7 either it is abilian or one of its derived groups in 
abelian. This latter group is an invariant subgroup of the group in 
question. Let X" i • • X 'L be chosen in such a way that X r ; p" "'-, ·· rr,, 




and this proves that the rank of ~-bet is < "t • Hence the 7,i:'0ups\:S.,}•:::::-. 
of;--s·emi. sim,]_le -~o½J2s have a Ri_epianni_an _geometr_y.!.. 
----------------.-.. 
1) cf. Eidenhart 33.1, :p. 173. 
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~g~~i!~§tg~g::!~ 'Rl • + . 
v 1-....:(J-( I -01 De kentallen Ct], en I e"/:, zijn tot nu toe niet be-
rekend omdat de ~eer bewerkelijke berekening hiervan enigszins verkort 
kan worden met behulp vanj1,~~ Uit (5.4) en (2.63.l) volgt gemakkelijk 
voor g-ta. dat 
(7 .. 2a) 
De rotatiegroep van~ 3 is dus half-enkelvoudig. Daar de overbrenging 
niet verandert bij vermenigvuldiging van de fundamentaaltensor met een 
constante factor, nemen we liever in het volgende als uitgangspunt 
(7 .2b) 
Dit doet geen geweld aan aan ( 5,.4), en geeft tevena aan p 





(7 .. 2d) 
3=rr = 
,_ eas1: ~11'1]1{ r-;:sf) C t~d.\ f 'i -+ f'- /-1 




11 I P';._ iJ -= h 1-co!f.,p 
.. 
' ft a . ~ 
In verband met de komende berekeningen bet volgende& 
• 
• 
1. We zullen, waar dat doelmatig is, tt'j-1J1. in plaats van im schrij ven. 
2. We zullen eveneena soma E60l of 6ei'b zetten voor J'! . Het verplaatsen 
van de indices hier is natuurlijk juist een ove~schuiving met~~ in 
,.,.,1 o-r-::.. t) • Ddze hebben de waarden ~l11t.. Alle optredende grootheden - in-
cluaief "'701. - transformeren zich bij overgang tot een ander stel nor-
maalcoordinaten in '? ot:::: o als grootheden in '?. ot.:::: 0 • 
3. We voeren in de symmetrische matrix 71•cJt.(ook te schrijven als 
~ 7-" en -P6 l)t ) : 
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·--~ 1 r j 1 
=; 
~1 ~::, -f 2 h'/.:f"">?'f "11n1 i" 
I "l :;_,.,., 1 "ll)1 ~pi "'l'l...111! 
J Jj 473 "'lif ~l - - 'l n'7 j l>J,111'/'!.-f 
Deze heeft (vgl. b.v. (3.63e)) de volgende eigenschappen: 
(a) 
(b) 
4) We eohrijven ter afkortinga 
~.p ..!_ ( /- I- c. I>~ p ) . 
0( - f" 2. f ?._ ) 
de( ..!.. { I - ,1 _£_ ) f' - p"t /?._ /-Ct)~f 
(7.2g) 
5) ·we kunnen (7.2d,e) nu afkortend sohrijvern 
•. 
(7,.2h) 
~6t't :::. J--im. + Ol. 1'3/1'.l. 
a 01 i :. e.l- (fl z -+· fa y.:,tn '6 
.6 ~ 1f~. merken op dat 
(7.2i), 
(7 .2j) . · 
We berekeilen; nu r;~O( uit: 
{7. 2k) . ' r;i,rx -=- Yi 2 t)t ~ { d(t #1 ,_~ + )! ~t-e - cJi9- ~ (.\l) 
f';i o-t :::- h ( J' trt tJ .,-fa rp ort,) { J(.l °'- 'PoJl ..,. ii?,«- 'P(I~ - dzj JI, ~b J -:::. 
(7 .2,.1) -: 4 ( J' Ol l9 -;-f p"' zJ) { f _,f)(f (f-11,i) If){(.+ '-p{ll) l'tJJ - 'j)O/J ~(JJ) +-
+ Of{ 'l!Yj,;_ Jf'l, - ~ IY/(\ d'Jt9 -~ IY/j )-<'~)1 = 
- 4':1C • 
::. 1,. ( I olr ( Pi lit. ''?tt + 1\ llt 11} 6 - 'P11i ">] b"') .. 7 ( l./ 1 f.>(J'('a -:1. '1'){'< J' { -11i t!') + 
(7.2.l) 
Nu vinden we gemakkelijk met enig rekenwerkt 
r 1 11 _, 'i)·1 f tfn-1 ,:r.-,.,-·1 
111 ;:;:: /-)_ f .°'-f r.:;- '71 -ff Olf "Yf f':f" - "2 OI. ~ t'Yf r_;; :: 
= "'I :r ( 42 (¥ ft f "'-- 0. 01'rf + p,f Pp 3) + ( 111f\ -9-1,Y.f!, + '/4 otf p- 1_ OtpJf )-: 
~ _ ,r/1 f '- ( I+ s;r -f cut 3 % ) + (rr/1] 3 f 41 { t+o/-f cvtgPli_). 
1 1 i { t,l. I/ !{,) 1 ~ 11 ¥ _, ) Gi:::. l'f1-= «/ -a(+~ff -% 01rf+}2 rx,pp +tfJ Al "l -iD<fJ +/f)_'tf-'::.fpfp !" 
(7.2m) = - ~9. f-1.11-f/,i ct!i~f½.) +lt')·1t1')1IY/X rl( {1+ s_~f-ft..o-f~%_) 
r-1 1 (,,<I 1/ ) ,._ 1 =f 1. {' .I> 1/ - I ) 
'-r.; - ·"7 i< 0( + 11fO(P + "7 ,,,.., "1 - ..,,. fY/! + /9_ Cltf - tltrlf == 
- ~~-, ( I- $'Ff) -l- «J::;-tr/1r>l:;: f-'1( 1+ ~-f cot7fY.;_ )· 
r J '1n/r l t .., LI/ f-' ) 
'q-"j -: If}' ·r f'Y/ - ·c Ol/3 ....-It °'f - ~{$ ff = 
-~ ;:;-I>) 1~ 1 (J- 'I/ J+ S~hf? ~I' c.t11J f¼). 
:Ue andere r'~ warden uit deze gevonden door cyclische verwisseling 
der indices. 
JJe berekening van de overige grootheden lev-ert nu niet veel 
moeilijkheden meer. t;i~ kan het best warden gevonden door uit te 
gaan van het f'eit dat rl'\(}1 een triveotor is. Nu is, als t)p~ de 
eenheids-trivector is (vgl. (2.63.1) en (7.2b)) 
(7.2n) 
dus: 
(7.20) C 4-1 A-I 7 ff -= · e 1i !I -:e - 41 
• 
- - 4J C ,_ t!OS) 
- .... f't . 
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dnsi 
- ::z;,r ( ,_ ~ -1-;;s1) {C.':}c.J.) 
-(7 .2q) 
'.'2i"lJ ( /-'/.. J-~OSf:) 
pt. f'J. ( c3c.l.) 
.... 
We vinden dus voor C,f ~·· r;_{1· - ,½ e ii trt 
~: ~ -11( i/'-(1+ 5~"f t <.~tJ'½) +{'Y/if';-~ (J~ S~/ -11.019 ¾) 
G~ = ,,/ f 1( 1- s;he) + 'YJ f ,>-/i t'r7i.f _ .. ,/, + ~~n.11-p c,d3 l'/4 ) 
(7. 2r) Gr[::: -l }·1/1-% cot3 %.)+tz;i3 (t-'l 1-;~ij>) +. ,,/1tt/ "J 1 p-"{ I+ ~~e -f u.tf~ f/4) 
frT =. -'>/ :ri 2r 1-%.cof3 % ) +-h 1 ;t1 1 / /-'1- '-;::/l) +-,,,½=ti!'/~ { /+ s~~f) - I' Cn.~y¾) 
r.ri ~ ½_ _, Ji '.2~J ~ ( 1- 'i ~-;;'t:) • "} f""l <"73 (I.,_ •;e ·r• f J If,) 
t'1, M De kromtegrootheid vinden weals volgt: c is een trivector met 
C1.2e) ' p'l -li= -½. ~p 
, 
dus (vgl, {3.17)) 
waaruit volgt: 
due· 
.-ti ... .J 
'"'::; 1 2 =-- a 
,,-,;;. 1 . 7? ... -i 1 ✓/ !ti 11 f / . /~CDj P.J' 
njj 1· ::: - 1-T f ::::. It j-rr ==- 11 ,P" I- i p" 
--n ... :j' rTI .. . ::; ; ,-c,>jA ,, 1r/i."?? 1. ,_,,., ,-r0 se.; 
"111. ';.-~212 -;:½,rr=- -P,.__r:-+ 1~ f"' -,1.. I',. 
'1? -;.;; / ~ - 'Ro:i i 1 ,c J,z 'JU =- ~ "7 ;t ( I- 2 1-;;sl' ) 
De and@..re kentallen worden hieruit gevonden door cyclisc-he verwisseling 
der i.rtdioes. 
Uit (7. 2t) blijl~t dat de grpe;pruimte een .ruimte v~, 2.QB!3tante 
krommiris 1s. 
49e 
Wat betreft de comitanten van C~ba kan bet volgende worden opgemerkt: 
deze behoren tot het stelsel van d.e comi tanten van de tri vector t: t!hll en 
v;an ~bee en t 1> .. Daar al deze grootheden invariant zijn bij rota.ties, d.w.z. 
een richting kan in iedere andere richting worden overgevoerd, hebben de 
comitanten geen richtirigsvoorkeur. Alle grootheden '3b, ~ha ,~c.ha , ••• etc. 
zijn dus nul of hebben de maximale ·rang in alle indices. 17:r zijn dus geen 
bevoorrechte richtingen, dus ook geen invariante onderruimten door 
' dus get·n invariant~ ondergroepen ... 
Di t la8.tste wordt ook als volgt duidelijk: De rotatiegroep van '?3 laat 
ook een rotatiegroep om 'r/.«==-o toe omdat dit een ruimte van constante krom-
ming is .. Dit blijkt doordat de j~tit in (7. 2d) bij orthogonale transformaties 
niet veranderen. ~e groepruimte representeert dus ook zijn eigen rotatie~ 
groep om "llY.-=o. Uit de (1, 1) correspondentie tussen de rota.ties in de groep-
ruimte en in 1?3 , en uit het feit dat in 1<3 alleen bollen Q.fil de oorsprong 
dus geen ·onderruimten d66r de oorsprong - invariant zijn (p. 40a) volgt 
dater in de groepruimte geen invariante ondergroepen zijn. De rotatiegroep 
van '"R3 is due enkel voudig .. 
In de algemene theorie, en ook bij dit voorbeeld, hebben we ons be-
perkt tot de kiem van de groep,. Op normar:-lcoordinaten blijken nu echter 
alle voorkomende reeksen analytisch voortzetbare functies te zijn, en dit 
is een reden, te kijken hoe het gaat met grote rotatios. Een rotatie over 
iTf radialen komt overeen met de identieke transformatie; is hiervan iets 
terug te vinden in de groepruimte? Daartoe de volgende bes chouwing. Men 
merke opt 
1. p is de booglengte langs de geode'tische lijnen door '1/<..:o • 
2. een rotatie over een hoek p correspondeert met een vector van 
lengte p in de' groepruimte (p.40d). 
3. Het volume van een bol met straal -"R in de Srroepruimte is: 
L3<R)= j JJ e1~/c1,7',J.,,-/', r:11/?.('-;:"P)df =- 8-rr j~Hosp) dp 
f',; < 'R'- Cl o 
(7.2w) 
4-. De oppervlakte van een bol met straal 1? is: 
(7.2x) 
De oppervlakte van een bol met straal ~'if is dus nul, d.w.z. alle ro-
taties over een hoek ~~ hebben, onafhankelijk van de rotatie-as, hetzelf· 
de beeldpunt. Identificeren we dus het punt 1'['1'-:::0, dus p=o , met P=-'RiT', 
zo dat tevens de corresponderende maatvectoren £~ en ook 1~ van de lo-
caBlruimten geidentificeerd zijn, dan hebben we daarmee een vlokomen (1,: 
correspondentie tussen de rotatiea in R3 en de punten van de aldus gecon, 
strueerde ruimte verkregen. 
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Het gelijktijdig t<>t dekking brengen vane~ en e•:-J. is mogelijk doordat 
o. o. o. A 
zowel voor p::o als f>=-':W geldt A).""bA (vgl.(3.63s)) .. 
Men vergelijke dit proces met het afbeelden van de ro,taties in 
op een rechte lijn, en daarna het ttoprollen" van die lijn om een oirkel 
met omtrek • 
Enige andere groepen waarbij de be!ekeoing van de versehillende 
grootheden niet te ingewikkeld wo~di, zijn de volgende: 
a) De bewegingen in -Pi a 
• 
• 
b) De projeetieve transformaties op de rechte lijn; 
______ .. ....,,.. ....... --... ........ _______ ___ 
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E Meetktmde a.er eindige continue transformatieg:roe,1:en • ....;!,.....,..,._ ___ ..,.. ________________________ ..... ___________ ...,.________ ·---.-
§ 1 N,. Groepen. Onder een groep wordt een verzarn.eling van elen1enten 
H,B,c> ... verstaan waarvoor een 1~er:w.enigvuldigingt is gedefinieerd zo-
~nig dat 
.. 1., het product van twee ele:menten steeds weer tot de verzameling be-
hoort; 
2. er een element .1 de e~nh_~, bestaat zodat 
1 N. 1 ) ') A =· A ."/ =. R 
voor iedere A; ., 
3. er tot elk element H een invers elet.ient f-f be3tUE;t,t; 
- I - I 
1 N,. 2) Ii ft - ·1 f.) '7 t . - '' ., 
4. de associatieve wet geldt 
1 N. 3) (A B)C == J-J(Bc} 
Zijn de elementen transf'ormaties dan is J de identieke transformatie 
en (4} is vanzelf vervuld. 
Enige def'inities: 
a) Abels.Che groe.n: liB =BR ; 
b) Onderg.r:_q~ 1)( van 6-roep tJ is een groep Il/ waclrvan alle ele-
menten element en van tJ zijn, en waar dezelf'de 11 product ;: de-
fini tie geldt f 
c) Homoloog lwten twee element en fl en A' ine.ien er een elemen-t; 
_, 
B bestaat zodat Ii 1=- T3 RB ., 
' 
_, 
d) ~yree OI)-~~erg£_9~-~ he ten horwloo.z wanneer zij door. !;, . ··B _, en 
I} ... . B in elkaar overgevoerd -vwrdcn. Sy-.mbool ZJ ~ ll = BJ,YB; 
•I 
e) Een onc1ergroep Pl is i1l.}@-£t~! inf indien ?)f = H 7/1. f7 voor 
icdere H ; ( een andere naam is norma2:~ldeler) 
f) {)j en(/,' heten i~-~---~h. wan-
u , J"' p , , /~ T . t ,. I neer er een corres1)oncl.entie tussen 1. ,), L ,-· en n., B, t , .... bi:::staat J 
zodat als R' bij R en B' bij B behoort, steeds I-?' B 1 bij 
RB behoort. De isomor-phie hoet holoedrisch aJ.s de corres-
-· ------..-----·-
pondentie een-6cnduidig is en anders meroedrisch. __ . ......,... ____ _ 
(Dikwijls warden in deze betekenissen ook de terr.a.en isomorpl~1 
resp. h~morphie gebruikt.) 
Rn.ige eigenschappen: 
1) Ondergroep van ondergroep van tJj is o~dergroep van !J ; 
2) Doorsnede van twee ond_ergroepen van ljl is oncler5Toe·:p van_._o/ ; 
3) Doorsnede van twee in 1/J- invariante ondcrgroCJ)en is in fl inva-
riante ondorgroel); 
4) Invariante ondergroep van invariante ondere;roe:p van fJ is in h(:·:, 
algemeen .geen invariante ondergrocp van /J . 
A, 
. lII 








van 2 dingen (2 elementen) 
van 3 dinGen (6 elementen)t 
isomorph met de eroep dcr 6 transformaties van 1 
dig I varia.bele 
J 'x V • 'x J._ I .:::.. r, I -:::::. I tx ' ,l(- ! 7'. - --
- J)I' 
I I 
, X::::;-;;- 1X ~ 1-Y '>!. - ~-
-· X-1 
f 3, Draaiingen om een riun-t in een vlaJr. ele-::i-:mten afha:nkelijlt 
cin- 4• 
dig 5,, 
van 1 parru1H:~ter; 
Bewegingen in een vlak, 3 p,1raneters; 
Draai:i:ngen om een )l-1.Dt i.n de ruimtc.. 3 
l3ewegingen in de ruimte, 6 parawoters; con- 6. 





l in ruimte 15 paraneters 
In deze eindige continue grot:pen laat zich iedcre transforJ.12.tie 
vanui t de identieke transforr:1atic beroL:e11 door continue vero.nde-







Draaiingen om een punt in ecn vlak en spiegelingen a.en cc~ lijn 
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